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Overview

Paradigm : The classical dynamics of systems of large numbers of

particles is typically chaotic.
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Overview

Paradigm : The classical dynamics of systems of large numbers of

particles is typically chaotic.

Low-dimensional model systems can be used to obtain quantitative infor-

mation on non-equilibrium processes in terms of the chaotic properties

of the dynamics.

The result consists in a collection of dimension formulae relating trans-

port coefficients to the characteristic quantities of chaos, as well as an

entropy production formula.
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Gaussian Thermostatted Systems
E.G.D. Cohen, C.P. Dettmann, D. Evans, W.G. Hoover, G.P. Morriss, H.A. Posch
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Gaussian Thermostatted Systems
E.G.D. Cohen, C.P. Dettmann, D. Evans, W.G. Hoover, G.P. Morriss, H.A. Posch

Example : the thermostatted field-driven Lorentz gas

• Ellastic collisions : p → p′ = p− 2(p · k̂)k̂, p′2 = p2;

• Between collisions : ṗ = qE− αp;

• Gaussian thermostatting : p2 = const.⇒ α = qE · p/p2.
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This system has phase space contraction

∂rṙ + ∂pṗ = −α

The stationary state is fractal :

λ+ + λ− = −〈α〉 < 0
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This system has phase space contraction

∂rṙ + ∂pṗ = −α

The stationary state is fractal :

λ+ + λ− = −〈α〉 < 0

The entropy production rate is

J · E
T

= σ
E2

T
= kB〈α〉 = −kB(λ+ + λ−)
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This system has phase space contraction

∂rṙ + ∂pṗ = −α

The stationary state is fractal :

λ+ + λ− = −〈α〉 < 0

The entropy production rate is

J · E
T

= σ
E2

T
= kB〈α〉 = −kB(λ+ + λ−)

We infer the expression of the electrical conductivity

σ = −kBT
E2

(λ+ + λ−)
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Escape Rate Formalism

F. Baras, J. R. Dorfman, P. Gaspard, G. Nicolis

Example : the Lorentz gas on an open slab

• Volume-preserving dynamics;

• Absorbing boundary conditions.
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Escape Rate Formalism

F. Baras, J. R. Dorfman, P. Gaspard, G. Nicolis

Example : the Lorentz gas on an open slab

• Volume-preserving dynamics;

• Absorbing boundary conditions.

This system satisfies a diffusion equation ∂tρ = D∂2
xρ which describes

the evolution of a macroscopic density ρ with decay rate

γmacro =
π2

L2
D
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At the level of the dynamics, almost every trajectory will escape. How-

ever, there is an uncountable number of trapped trajectories which define

a fractal repeller .
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At the level of the dynamics, almost every trajectory will escape. How-

ever, there is an uncountable number of trapped trajectories which define

a fractal repeller .

The repeller is an invariant measure which is not smooth and such that

λ+ 6= hKS, γmicro ≡ λ+ − hKS

λ+ = −λ−
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At the level of the dynamics, almost every trajectory will escape. How-

ever, there is an uncountable number of trapped trajectories which define

a fractal repeller .

The repeller is an invariant measure which is not smooth and such that

λ+ 6= hKS, γmicro ≡ λ+ − hKS

λ+ = −λ−

The identification of the marco- and microscopic escape rates yields the

relation

D = lim
L→∞

(
L

π

)2


(λ+ − hKS)

λ+cI
λ+cH
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Hydrodynamics (simple)

For the diffusion equation

∂tρ = D∇ρ

the hydrodynamic modes are the solutions of the form

ρk(r, t) = exp(skt) exp(ik · r)
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Hydrodynamics (simple)

For the diffusion equation

∂tρ = D∇ρ

the hydrodynamic modes are the solutions of the form

ρk(r, t) = exp(skt) exp(ik · r)

These modes decay exponentially in time :

sk = −Dk2
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Hydrodynamics (simple)

For the diffusion equation

∂tρ = D∇ρ

the hydrodynamic modes are the solutions of the form

ρk(r, t) = exp(skt) exp(ik · r)

These modes decay exponentially in time :

sk = −Dk2

The modern theory of dynamical systems offers the appropriate tools to

define these modes in the context of deterministic systems.
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Hydrodynamic modes from Liouvillian
Dynamics

We assume quasi-periodic boundary conditions :

• periodicity of the dynamics over the configuration space;

• do not impose periodicity of the probability density (global normal-

ization).
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Hydrodynamic modes from Liouvillian
Dynamics

We assume quasi-periodic boundary conditions :

• periodicity of the dynamics over the configuration space;

• do not impose periodicity of the probability density (global normal-

ization).

The non-periodic probability density can be decomposed into its Fourier

modes.
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Tagged Particle Diffusion

• the wavenumber of the Fourier mode of the probability density is

indentical to k of the hydrodynamic mode;



9/21

JJ
II
J
I

Back

Close

Tagged Particle Diffusion

• the wavenumber of the Fourier mode of the probability density is

indentical to k of the hydrodynamic mode;

• sk from the dispertion relation is then identified to a Pollicott-Ruelle

resonance ;
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Tagged Particle Diffusion

• the wavenumber of the Fourier mode of the probability density is

indentical to k of the hydrodynamic mode;

• sk from the dispertion relation is then identified to a Pollicott-Ruelle

resonance ;

• The corresponding eigenstate is a hydrodynamic mode of diffusion.
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Multibaker Map

Consider a collection of cells consisting of unit squares, indexed by an

integer n = 1, . . . , L.
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Multibaker Map

Consider a collection of cells consisting of unit squares, indexed by an

integer n = 1, . . . , L.

The dynamics is a time-discretized process defined by the 3-adic map:

B : (n, x, y) →



(n− 1, 3x, y/3), 0 ≤ x < 1/3

(n, 3x− 1, (y + 1)/3), 1/3 ≤ x < 2/3

(n + 1, 3x− 2, (y + 2)/3), 2/3 ≤ x < 1

(assume globally periodic boundary conditions : n = 1 is identified with

L + 1)
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Multibaker Map

Consider a collection of cells consisting of unit squares, indexed by an

integer n = 1, . . . , L.

The dynamics is a time-discretized process defined by the 3-adic map:

B : (n, x, y) →



(n− 1, 3x, y/3), 0 ≤ x < 1/3

(n, 3x− 1, (y + 1)/3), 1/3 ≤ x < 2/3

(n + 1, 3x− 2, (y + 2)/3), 2/3 ≤ x < 1

(assume globally periodic boundary conditions : n = 1 is identified with

L + 1)

Note: the volumes are preserved and the dynamics is time-reversible.
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Liouvillian Dynamics

Probability densities gτ (n, x, y) are evolved by the Perron-Frobenius op-

erator.
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Liouvillian Dynamics

Probability densities gτ (n, x, y) are evolved by the Perron-Frobenius op-

erator.

Let Wτ (n) =
∫ 1

0 dxdygτ (n, x, y). This is the equivalent of a macro-

scopic density. It is evolved according to

Wτ+1(n) =
1

3
Wτ (n + 1) +

1

3
Wτ (n) +

1

3
Wτ (n− 1)
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Liouvillian Dynamics

Probability densities gτ (n, x, y) are evolved by the Perron-Frobenius op-
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Let Wτ (n) =
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0 dxdygτ (n, x, y). This is the equivalent of a macro-

scopic density. It is evolved according to

Wτ+1(n) =
1

3
Wτ (n + 1) +

1

3
Wτ (n) +

1

3
Wτ (n− 1)

which is analogous to a random walk with diffusion coefficientD = 1/3 :

in the continuum limit (τ → t, n→ x) it reduces to

∂tw(t, x) =
1

3
∂2
xw(t, x)
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Liouvillian Dynamics

Probability densities gτ (n, x, y) are evolved by the Perron-Frobenius op-

erator.

Let Wτ (n) =
∫ 1

0 dxdygτ (n, x, y). This is the equivalent of a macro-

scopic density. It is evolved according to

Wτ+1(n) =
1

3
Wτ (n + 1) +

1

3
Wτ (n) +

1

3
Wτ (n− 1)

which is analogous to a random walk with diffusion coefficientD = 1/3 :

in the continuum limit (τ → t, n→ x) it reduces to

∂tw(t, x) =
1

3
∂2
xw(t, x)

The eigenmodes of the discrete equation are ψk(n) = exp(ikn), with

eigenvalues χk = 1/3[1 + 2 cos(k)], k = 2πm/L (m = 0, . . . , L− 1).
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Cumulative measures

Let

Gτ (n, y) =

∫ 1

0

dx

∫ y

0

dy′gτ (n, x, y
′)
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Cumulative measures

Let

Gτ (n, y) =

∫ 1

0

dx

∫ y

0

dy′gτ (n, x, y
′)

and write

Gτ (n, y) =
∑
k

ak(χk)
tψk(n)Fk(y)
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Cumulative measures

Let

Gτ (n, y) =

∫ 1

0

dx

∫ y

0

dy′gτ (n, x, y
′)

and write

Gτ (n, y) =
∑
k

ak(χk)
tψk(n)Fk(y)

The modes Fk are solutions of a de Rham functional equation :

Fk(y) =


exp(ik)

3χk
Fk(3y), 0 ≤ y < 1/3

1
3χk
Fk(3y − 1) + exp(ik)

3χk
Fk(1), 1/3 ≤ y < 2/3

exp(−ik)
3χk

Fk(3y − 2) + 1+exp(ik)
3χk

Fk(1), 2/3 ≤ y < 1
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Fractal Dimension

If |k| is not too large, we can compute the Hausdorff measure associated

to cylinder sets of width 1/3l :

Γdl (Fk) =
∑
ω1,...,ωl

|∆Fk[y(ω1, . . . , ωl)]|d

The Hausdorff dimension of Fk is defined as DH(k) such that

lim
l→∞

Γdl (Fk) =

{
∞, d < DH(k)

0, d > DH(k)

The solution is

DH(k) =

{
log(3)/ log(3χk), |k| < kf
2, kf ≤ |k| < kc
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Dimension Formula

The cumulative function of the hydrodynamic mode of wavenumber k

has Hausdorff dimension

DH(k) = 1 +
D
λ+
k2 +O(k4)
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Dimension Formula

The cumulative function of the hydrodynamic mode of wavenumber k

has Hausdorff dimension

DH(k) = 1 +
D
λ+
k2 +O(k4)

Conversely,

D = lim
k→0

1

k2
λ+[DH(k)− 1]



16/21

JJ
II
J
I

Back

Close

Lorentz gases

The dimension formula extends to all chaotic systems with 2 degrees of

freedom. For Lorentz gases, one considers the decay rate of the Van

Hove intermediate incoherent scattering function as

sk = lim
t→∞

1

t
log〈exp{ik · [rt − r0]}〉
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Lorentz gases

The dimension formula extends to all chaotic systems with 2 degrees of

freedom. For Lorentz gases, one considers the decay rate of the Van

Hove intermediate incoherent scattering function as

sk = lim
t→∞

1

t
log〈exp{ik · [rt − r0]}〉

The hydrodynamic modes have cumulative functions

Fk(θ) ≡ lim
t→∞

∫ θ

0 dθ
′ exp{ik · [rt(θ′)− r0(θ

′)]}∫ 2π

0 dθ′ exp{ik · [rt(θ′)− r0(θ′)]}
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(LHF) kx = 0.0, 0.5, 0.9 (ky = 0). The interdisk distance is d = 2.3

(the disk radius is unity). (RHF) Filled circles.
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Entropy Production

For the Multi-Baker Map, given collections of cylinder sets of widths

1/3l and 1/3l+1, the time-dependent entropy production rate in the nth

unit square is given by

∆iSτ (n) =
∑

ω1,...,ωl+1

∆Gτ+1[n, y(ω1, . . . , ωl+1)]

× log
3∆Gτ+1[n, y(ω1, . . . , ωl+1)]

∆Gτ+1[n, y(ω1, . . . , ωl)]
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Entropy Production

For the Multi-Baker Map, given collections of cylinder sets of widths

1/3l and 1/3l+1, the time-dependent entropy production rate in the nth

unit square is given by

∆iSτ (n) =
∑

ω1,...,ωl+1

∆Gτ+1[n, y(ω1, . . . , ωl+1)]

× log
3∆Gτ+1[n, y(ω1, . . . , ωl+1)]

∆Gτ+1[n, y(ω1, . . . , ωl)]

Perform the gradient expansion

Fk(y) = y + ikT (y) +O(k2)
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∆iSτ (n) ≈ χ2τ
k

2
{2k Im[ak exp(ikn)] +O(k2)}2

×[3l+1
∑

∆T (ω1, . . . , ωl+1)
2 −

3l
∑

∆T (ω1, . . . , ωl)
2]

=
χ2τ
k

3
{2k Im[ak exp(ikn)] +O(k2)}2
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∆iSτ (n) ≈ χ2τ
k

2
{2k Im[ak exp(ikn)] +O(k2)}2

×[3l+1
∑

∆T (ω1, . . . , ωl+1)
2 −

3l
∑

∆T (ω1, . . . , ωl)
2]

=
χ2τ
k

3
{2k Im[ak exp(ikn)] +O(k2)}2

This expression agrees with the phenomenological rate of entropy pro-

duction for a one-dimensional diffusive system

diSt(r) =
D
ct(r)

[
∂ct(r)

∂r

]2
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Entropy Production of Diffusion and be-
yond

The formula derived for the multi-baker map is valid for entropy produc-

tion in different classes of diffusive processes, including tagged particle

diffusion for quasi-periodic systems.

The key concept is an appropriate definition of the hydrodynamic mea-

sure determined by the fractal properties of microscopic hydrodynamic

modes.

The extension to other tranport processes is under progress, starting

with viscosity .
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