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The result consists in a collection of relating trans-
port coefficients to the characteristic quantities of chaos, as well as an
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Example : the

A A

e Ellastic collisions : p — p' =p — 2(p - k)k, p”? = p?;

e Between collisions : p = ¢E — ap;

e Gaussian thermostatting : p2 = const. = a =qE - p/p2.



This system has phase space contraction

The stationary state is fractal :

>\++)\_:—<OK><O



This system has phase space contraction

The stationary state is fractal :

>\++)\_:—<OK><O

The IS




This system has phase space contraction
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The stationary state is fractal :
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Example : the

e Volume-preserving dynamics;

e Absorbing boundary conditions.

This system satisfies a Oip = DO?p which describes
the evolution of a macroscopic density p with decay rate
2
s
Ymacro = —D

L2
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At the level of the dynamics, almost every trajectory will escape. How-

ever, there is an uncountable number of trapped trajectories which define
a

The repeller is an invariant measure which is not smooth and such that

)\+ 7é hKS; Ymicro = >\+ = hKS
)\_|_ = —)\_

The yields the
relation

L 2 (>\+ i hKS)
D = lim (—> )\_|_C[
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The modern theory of dynamical systems offers the appropriate tools to
define these modes in the context of deterministic systems.
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The non-periodic probability density can be decomposed into its Fourier
modes.
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e [he corresponding eigenstate is a
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Consider a collection of cells consisting of unit squares, indexed by an

integern=1,..., L.
The dynamics is a time-discretized process defined by the 3-adic map:

p

(n—1,3z, y/3), 0<z<1/3

B: (n,x,y) — < (n, 3x—1,(y+1)/3), 1/3<x<2/3

| (n+1,3z-2,(y+2)/3), 2/3<z<1

(assume globally periodic boundary conditions : n = 1 is identified with
L+1)
Note: the volumes are preserved and the dynamics is time-reversible.
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erator.
Let W.(n) = fol dxdyg,;(n,x,y). This is the equivalent of a macro-
scopic density. It is evolved according to

1 1 1
W.i1(n) = éWT(n + 1) + §WT(n) + §W7(n — 1)

which is analogous to a random walk with diffusion coefficient D = 1/3 :
in the continuum limit (7 — ¢, n — x) it reduces to

Oyw(t, x) = %Eﬁw(t, )

The eigenmodes of the discrete equation are ¥;(n) = exp(ikn), with
eigenvalues y; = 1/3[1 + 2cos(k)], k =2mm/L (m =0,...,L —1).



Let

1 y
G.(n,y) = /0 dx /O dy'g;(n,z,y)



Let

1 y
GT(n7y) — /0 dﬂf/o dylgT(n”x?y,)

and write

G-(n,y) = Z ar(xk) V() Fr(y)



Let

1 Yy
C%(n»y)——jg drjg dy'g;(n,z,y)

and write

G-(n,y) = Z ar(xk) V() Fr(y)

The modes I}, are solutions of a de Rham functional equation :

it 0<y<1/3

Fi(y) = | 556Gy — 1) + %@Fk(l% 1/3<y<2/3
exp(—ik exp(ik

| B Fi(By — 2) + T E(L), 2/3<y <1
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If | k| is not too large, we can compute the Hausdorff measure associated
to cylinder sets of width 1/3' :

[f(Fy) = Z [AF[y(wr, ..., w)]|?

The Hausdorff dimension of F}, is defined as Dy (k) such that

{ oo, d < Dy(k)

. d o

[—o0

The solution is

_ [ log(3)/log(3xk),  |k| < ky
Dﬂ(k)_{z kp < |k| < ke

)



The cumulative function of the hydrodynamic mode of wavenumber &
has Hausdorff dimension



The cumulative function of the hydrodynamic mode of wavenumber &
has Hausdorff dimension

Conversely,



The dimension formula extends to all chaotic systems with 2 degrees of

freedom. For Lorentz gases, one considers the decay rate of the Van
Hove intermediate incoherent scattering function as

.1 :
Sk = tlgélo ; log(exp{ik - [r; — ro]})



The dimension formula extends to all chaotic systems with 2 degrees of

freedom. For Lorentz gases, one considers the decay rate of the Van
Hove intermediate incoherent scattering function as

.1 :
Sk = tlggo ; log(exp{ik - [r; — ro]})

The hydrodynamic modes have cumulative functions

Fi(6) = tim 0.2 explik - [r(6) - ro(@)]}
= [0 expik - [ri(6') — ro(6)]}




(LHF) k£, = 0.0,0.5,0.9 (k, = 0). The interdisk distance is d = 2.3
(the disk radius is unity). (RHF) Filled circles.
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For the Multi-Baker Map, given collections of cylinder sets of widths

1/3" and 1/3'*1, the time-dependent entropy production rate in the nth
unit square is given by

AZST(TL) == Z AGT—l—l[na y(wh ce 7wl+1)}

3AGT+1[TL, y(wla S ,WZ_H)]

X 1o
£ AGT—H[”) y(wh T ,UJ[)}

Perform the gradient expansion

Fi(y) =y +ikT(y) + O(k?)
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A;S;(n) X%T{Zk Im[ay, exp(ikn)] + O(k*)}?

Q

2
x [30+1 Z AT (wr, - .., wit1)” —

3l Z AT(wl, . ,wl)Z]

— XET{Qk Im|ay. exp(ikn)] + O(kQ)}z

This expression agrees with the phenomenological rate of entropy pro-
duction for a one-dimensional diffusive system

diSy(r) = Cfr) [8‘355”]2




The formula derived for the multi-baker map is valid for entropy produc-

tion in different classes of diffusive processes, including

for quasi-periodic systems.
The key concept is an appropriate definition of the hydrodynamic mea-
sure determined by the fractal properties of microscopic hydrodynamic
modes.
The extension to other tranport processes is under progress, starting
with
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