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Josephson tunneling between superconducting electrodes in the vortex-glass state is considered.
The Josephson coupling energy and phase offset are stochastic, the typical value of the former
scaling as the Edwards-Anderson order parameter, Larkin-Ovchinikov length, and square root of
the junction area. The influence of magnetic flux through the junction is explored, and magneto-
fingerprints, reminiscent of universal conductance fluctuations, are predicted. Properties of SQUIDs
are also examined, and it is concluded that Josephson phenomena may provide a useful probe of the

vortex-glass state.

It has recently been proposed that, owing to the
presence of quenched disorder, high-temperature su-
perconductors penetrated by a magnetic field may ex-
hibit a novel equilibrium state, the so-called vortex-glass
state.m? In this state (and with a particular choice of
gauge), the equilibrium expectation value {¥(x)) of the
complex superconducting order parameter (x) (Ref.
3) would vary randomly with position x but would be
frozen in time. Thus, vortex-glass order could be di-
agnosed using a version of the Edwards-Anderson order
parameter,*

1 3 2
=v Vd z (x|, (1)

where V' denotes the volume of the sample. Equivalently,
such order could be diagnosed using the correlator?

1

G(x) = v/,

d®z’ [(*(x') p(x' + x))?, (2)
in the limit |x| — oo which, like the Edwards-Anderson
order parameter, is zero in the normal state and nonzero
in the vortex-glass state. Thus, the vortex-glass state
revives the possibility of a bulk thermodynamic phase
transition to a state with zero linear electrical resistivity
and off-diagonal long-range order for three-dimensional
superconductors with quenched disorder at low temper-
atures in the presence of a penetrating magnetic field.
The purpose of this paper is to explore some con-
sequences of the Josephson coupling of two indepen-
dent electrodes, each of which is in the vortex-glass
state, and to examine whether Josephson phenomena®
provide a useful probe of the vortex-glass state. Our
aims are to make a simple estimate for the typical cou-
pling energy (or, equivalently, the typical critical cur-
rent) of a Josephson junction fabricated from electrodes
in the vortex-glass state, to analyze the influence of ex-
ternal magnetic flux through such a junction and esti-
mate the magnitude of certain characteristic magnetic
field strengths, and to consider the properties of flux-
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linked two-junction SQUIDs fabricated from vortex-glass
state leads. Our estimates will be given in terms of—
inter alia—the Edwards-Anderson order parameter and
the Larkin-Ovchinikov (LO) length (see below), which
are characteristics of the vortex-glass state that are com-
monly regarded as difficult to observe.

We envisage the electrodes of the junction as having
been cooled to a low temperature in the presence of a
magnetic field, so that the vortex-glass phase is well es-
tablished, and the irreversible dynamics of the vortices
may be neglected. In other words, we envisage the vor-
tices as being permanently frozen into a certain random
configuration, so that the global phase associated with
the superconducting order parameter is the only impor-
tant remaining degree of freedom in each electrode. Thus,
for the left (£) electrode we consider the equilibrium state
in which (1¢(x)) = (¥¢(x))0, together with the family of
equilibrium states generated from it by a global phase
change, for which (,(x)) = e®®t(1,(x))o, and similarly
for the right (r) electrode. Of course, the choices of refer-
ence states (i.e., the phase of (¢,(x))o and (¥,(x))o) are
arbitrary. The (kinematically independent) phase vari-
ables ¢, and ¢, are coupled via the junction.

We consider a Josephson junction of square cross-
section having thickness D and area A (= L2). The
electrodes, being independent realizations of the vortex-
glass state at low temperature in samples with indepen-
dent quenched disorder, can be regarded as presenting
to each other independent, frozen, random supercon-
ducting order having the following property: on length
scales smaller than a characteristic length Lp (i.e., the
Larkin-Ovchinikov length) the order parameter reflects
the presence of a crystalline array of vortices (i.e., an
Abrikosov flux-line lattice), whereas on length scales
larger than Lp the crystalline order of the vortices is
suppressed.®® Equivalently, as the superconductors in
question are strongly type I1,>7 we may—in the vortex-
glass state—regard the superconducting order parame-
ter as being essentially constant in magnitude (except at
vortex lines, on which it vanishes), its phase varying pre-
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dictably and periodically on length scales smaller than
Lp, but randomly on larger length scales.

Our starting point is the following model for the
Josephson coupling energy (i.e., the energy associated
with the coupling of the two electrodes) when the elec-
trodes are in the states labeled by the phases ¢, and ¢,.:

B(gudr) = =5 [ e @i €% (b, (xotec.
(3)
where the integral is taken over the area of the junction.
Here, J is the microscopic coupling parameter, which (at
least in the vicinity of the phase transition temperature
T.) may be estimated via (27/®o)J ~ (7/4)(eRkpT.) !,
in which ®¢ = h/2e is the superconducting lux quantum,
—e is the electronic charge, and R~! is the normal-state
conductance per unit area of the junction. Introducing
the coupling energy E; and phase offset ®;, defined by

T [ d i e (e (x))o = By e, (1a)
A
the Josephson coupling energy becomes
E(¢e, ¢r) = —Ej cos(¢pr — ¢ + ). (4b)

[The critical current I; is related to Ej; by I =
(27/®0)Ey.] In common with conventional junctions
(i-e., junctions for which the electrodes are in the Meiss-
ner state) the Josephson coupling energy is a periodic
function of the phase difference (¢, — ¢;) between the
states of the two electrodes. Thus, a Josephson junc-
tion fabricated from superconducting electrodes in the
vortex-glass state will exhibit versions of the dc and ac
Josephson effects.!® However, in contrast with conven-
tional junctions, the parameters F;y and ®; are stochastic
parameters, dependent upon the precise configuration of
the vortices in the electrodes. The fact that the (global)
gauge symmetry is not macroscopically broken is respon-
sible for the absence of an obvious preferred relative
phase between the electrodes.

To estimate the typical magnitude of the coupling en-
ergy F; we use a simple “random walk” argument. We
assume that A > L%, so that we may regard the area
of each electrode as comprising a number of order A/L%
(> 1) LO regions, each of approximate area L%. Within
each LO region the Abrikosov flux lines will be effec-
tively crystalline, but the flux-line lattices of distinct LO
regions will be randomly configured with respect to each
other. (It may be useful to regard each LO region as the
analogue of a single magnetic moment in a spin glass.)
Next, assemble the total junction coupling energy E by
adding the contributions from each LO region. Then,
over one such region the order parameter in each elec-
trode will not be constant, but it will vary determinis-
tically, so that the optimal coupling energy associated
with that region will be of order JL%Q (although per-
haps significantly reduced by a geometrical factor due to
spatial misalignment of the flux-line lattices).!! However,
although the relative global phase of the electrodes may
be optimal [i.e., E; = —ming,,¢, E(de, P»)], the relative
phases of the superconducting order parameters in ad-
jacent LO regions on either side of the junction will be
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random. Thus, collecting contributions from the entire
junction, we expect that E; will be a stochastic param-
eter, typically having a value of order

E; ~JL3Q\/A/L% ~ JQLpVA. (5)

Equivalently, Iy ~ (Lp\/Z/R) (Q/ekBTc). It is note-
worthy that the typical value of E; scales as the square
root of the geometric area of the junction and as the first
power of the Edwards-Anderson order parameter and of
the Larkin-Ovchinikov length.'? The phase offset ®; is
also a stochastic parameter, uniformly distributed over
the interval (0,27), as (by gauge invariance) it must be.

In any given experiment, the value of E; (and of ®;)
that is actually realized will depend on the precise posi-
tions of the impurities that pin the vortices, as well as the
detailed configuration that the system of vortices hap-
pens to adopt upon freezing. Thermal cycling to temper-
atures above the superconducting transition temperature
will generate new frozen vortex (and possibly impurity)
configurations, and thus lead to new realizations from the
ensemble of possible values of E; (and ®;). New realiza-
tions may also be obtained within the vortex-glass state,
by cycling through temperatures at which vortex rear-
rangement occurs. The changes in E; (and ®;) reflect
changes in the underlying vortex configuration, and thus
provide information on the collection of possible equilib-
rium states.

Until now, we have envisaged the magnetic field as
being excluded from the junction. What are the im-
plications of relaxing this condition? Consider a weak
homogeneous magnetic field of magnitude H, thread-
ing the junction, and assume that it will not cause a
significant change in the vortex configuration in either
electrode.'® The field will, however, introduce an elec-
tromagnetic phase shift®? that varies deterministically
across the area of the junction, so that E;(H) and ®;(H)
are now defined by

7 [ @ (i x))o (r 0o ex (i—” [ & dl)

= E j(H)e* H) ()

where A(x) is the usual vector potential, and the inte-
gral in the exponent is taken across the junction from the
left to the right electrode. Provided that H <« H®) =
®0/DLp (i.e., provided that the magnetic field is not
strong enough to cause a significant phase shift over any
typical LO region) the primary effect of the magnetic
field will be to produce a relative rephasing of the contri-
butions from the collection of LO regions to the integral,
Eq. (4a), that define F; and ®;. Thus, new elements
from the ensemble of possible values of F; and ®; will
be achieved whenever roughly one flux quantum is added
to the junction: there will be an apparently stochastic
(but reproducible) variation of E; and ®; with junction
flux (i.e., a magneto-fingerprint). The scale of magnetic
fields over which E; and ®; remain correlated is of order
HY = @,/DL.**

Now envisage increasing the strength H of the mag-
netic field in the junction beyond values of order H1),
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continuing to assume that the vortex configuration re-
mains frozen and unaffected by the field.'® Initially, E
and ®; will continue to vary stochastically, on the field
scale H() until the magnetic field approaches a value
of order H® = &,/DLp = (L/Lp)H™. At this larger
scale, roughly L/Lp quanta of flux penetrate the junc-
tion, so that regions of width Lp contain roughly one flux
quantum, and there is, therefore, a significant phase shift
over each LO region. Thus, the contribution to E; from
each LO region begins to be suppressed and, while E;
and ®; continue to vary stochastically, the typical value
of F; diminishes towards zero.

The stochastic variation of the phase offset ® ;(H) with
the magnetic field H in the junction will have a note-
worthy consequence. Suppose that the junction is main-
tained in, say, a zero-current state, and that the voltage
across it is continuously monitored, as H is increased at
a constant rate. Then, in order for the current to re-
main zero, the phase difference (¢, — ¢¢) will have to
respond, so as to compensate for the instantaneous value
of ®;(H). This phase response will cause an apparently
stochastically varying voltage to develop across the junc-
tion. Equivalently, if the junction is maintained in a zero-
voltage state, so that the phase-difference (¢, — ¢;) re-
mains constant, then as H is increased the current will
vary, apparently stochastically, due to the stochastic vari-
ation of ®;(H) and E;(H).

Consequences of the vortex-glass state, particularly the
stochastic variation of ®; with H, also emerge in the
context of two-junction SQUID rings!® fabricated from
a pair of superconducting leads, each in the vortex-glass
state.l® Consider the maximum supercurrent Is through
the SQUID, and focus on its dependence on an external
magnetic field, which we suppose to be directed perpen-
dicular to the plane of the SQUID ring. Once again, we
assume that the external magnetic field can be varied
without altering the vortex configuration in the super-
conducting leads.'® We suppose that the area ¥ of the
SQUID ring is considerably larger than the area of the
junctions (projected onto the plane perpendicular to the
magnetic field) LD.

For a given frozen vortex configuration, and for H «
H® (so that the flux penetrating the junctions may be
neglected), the maximum supercurrent Is through the
SQUID will oscillate as a function of the magnetic field
with a period H(®) = &,/%, in common with the field
dependence of the maximum supercurrent through a con-
ventional SQUID.'® However, in contrast with a conven-
tional SQUID, the maxima of I's will not be located at
integral multiples of H(®, but instead will all be offset
by a common stochastic shift, depending on the precise
frozen configurations of the vortices in the leads (through
the values of ®; at the junctions). This stochastic shift
arises because, owing to the random configuration of the
vortices in the vortex-glass state, it will generically not be
true that the junctions will both carry their maximum su-
percurrent for the same value of the relative phase of the
two leads (¢. — ¢¢). In addition, due to the likelihood
that the junctions will have unequal coupling energies,
the minima of Is (as a function of H) will not typically
vanish (in common with a conventional Meissner SQUID
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comprising nonidentical junctions), and instead, like the
maxima, will scale as (2m/®o)E ;.17

In the conventional case, when the strength of the mag-
netic field reaches the scale H(), the SQUID interfer-
ence oscillations of I's become convoluted with the single-
junction diffraction variations. This will not happen for
the vortex-glass SQUID ring. Instead, the single-junction
couplings will begin to vary stochastically with the field,
on the scale H(), as will the phase offsets. Thus, super-
posed on the more frequent oscillations, of period H(®,
will be a slower, stochastic, H dependence of the ampli-
tude and phase of Is, having a correlation scale of order
H®), For field strengths H of order H(® the suppression
of the coupling at each junction will lead to a suppres-
sion of the typical value of Is. The possibility that the
vortex-glass state fails to have true long-range order, in-
stead remaining rigid only over a finite (albeit long) dis-
tance, could be probed using SQUID rings with a range of
circumferences. Then the characteristic SQUID response
would be lost for rings of sufficiently large circumference.

To summarize, we have explored some consequences
of the Josephson coupling of superconducting electrodes
in the vortex-glass state. We have argued that the
critical Josephson current Iy is a stochastic variable,
and have estimated its typical value to be of order
(Lp\/Z/R) (Q/ekBTc) , where A is the junction area. We
have considered the implications of a magnetic field H
threading the junction, and have observed that I; and
the phase offset ®; vary stochastically as a function of H,
yielding magneto-fingerprints that are reminiscent of uni-
versal conductance fluctuations. For the case of a single
junction, we have identified two characteristic scales of
magnetic field: H() = ®&,/DL (where D is the thickness
of the junction and L is its breadth), which describes the
field scale over which stochastic variations of I;(H) and
@ ;(H) remain correlated; and H®) = &,/DLp, at which
considerable suppression of I;(H) begins, and which can
be regarded as providing a measure of Lp. We have also
explored some properties of two-junction SQUID rings,
the leads of which are in the vortex-glass state. The
SQUID ring configuration provides access to the (guage-
invarijant) difference between stochastic phase offsets oc-
curring at a pair of vortex-glass Josephson junctions. We
have considered the maximum current Is through such a
SQUID ring, focusing on the dependence of Is on mag-
netic field. Is oscillates with H, with a period set by a
third scale of magnetic fields H(® = ®,/% (where X is
the area of the SQUID ring), the amplitude and phase of
oscillation varying stochastically over the (larger) field
scale H(1). We conclude that Josephson phenomena
can serve as a useful probe of certain quantities that
characterize the vortex-glass state, such as the Edwards-
Anderson order parameter @ and the Larkin-Ovchinikov
length Lp.
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