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We study the Coulomb drag between two spatially separated electron systems in the quantum
Hall regime. At a fixed temperature, the drag is peaked near the transitions between plateaus. The
temperature dependence of the drag is a probe of the dynamics of the Hall system in a frequency
and wave-vector regime inaccessible to transport measurements in a single layer. Most strikingly, in
the transition regions it directly measures an exponent 7, discussed by Chalker, that is characteristic

of the fractal structure of the critical eigenstates.

The progress in the fabrication of semiconductor het-
erostructures has led to the discovery of a variety of
novel phenomena in low-dimensional electron systems.
Perhaps the most striking of these is the quantum Hall
effect (QHE), observed in two-dimensional electron sys-
tems (2DES’s).! More recently, interest has focused on
systems with two or more electron systems in proxim-
ity which exhibit further phenomena including, among
others,? the Coulomb drag predicted by Pogrebinskii and
by Price.® This paper reports work at the intersection of
these streams: we investigate the drag in strong mag-
netic fields and show that it could serve as a particularly
interesting probe of the dynamics of single layer states in
the quantum Hall regime.

Coulomb drag is the phenomenon whereby a current
flowing in one system induces a current or voltage in
another, nearby system, even though the two do not ex-
change particles. The geometry of interest is depicted in
Fig. 1. If the upper system is in an open circuit, the drag
is measured by the transresistivity p;:

Pt :gu/jdy (1)

where &, is the parallel electric field induced in U in
response to a current density jg established in D. Re-
cent experiments, all in zero magnetic field, have suc-
cessfully measured the drag in heterostructures involv-
ing a 2DES, separated from another electron®® or hole®
system. Solomon et al.? observed the drag in a three-
dimensional electron gas (3DEG) in a GaAs gate elec-
trode, while Gramila et al.® and Sivan et al.® studied dou-
ble layer structures at lower temperatures. These have
been accompanied by a number of theoretical studies.” 10

The physics of the drag is quite intuitive for it is much
like ordinary friction. While a perfectly uniform cur-
rent carrying layer does not exert a Coulomb force on its
neighbor, an inhomogeneous one creates a “corrugated”
potential which pushes the electrons in the other in the
direction of net current flow. In systems which are uni-
form on average, the role of inhomogeneities is played by
long lived density fluctuations, i.e., the drag is sensitive
to the relative abundance of density fluctuations at low
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frequencies. More formally, an expression for p; [Eq. (6)]
derived by Zheng and MacDonald!® shows that at low
temperatures T it probes the density response functions
Imxy,qa(g,w) of the systems for w — 0 at finite g (in
contrast to dc transport measurements in a single layer,
which probe the opposite limit!!). This ties in nicely
with the QHE, as density fluctuations which also play a
special role in its physics. The observed plateaus in the
Hall conductivity o, and the associated vanishing of the
longitudinal conductivity 0., reflect the presence of in-
compressible states deep inside them. Complementary,
compressible physics is believed to prevail in the transi-
tion regions between plateaus, where one expects either
critical “metallic” states reflecting delocalization!? or, as
recently suggested!? for cleaner systems, “Fermi-liquid”
(FL) states; however, these regions are not nearly as well
understood.

This interleaving of two kinds of regions finds a nat-
ural reflection in the behavior of the drag. As we show
below, the dependence of p; on the filling factor v at a
fixed temperature is qualitatively similar to that of o,
in that it is greatly suppressed deep in the QH phases
and peaks at the transitions between them. While we
discuss the T dependence of p; everywhere, our results
for the compressible regions are particularly interesting.
In these we use conjectured forms of Imy to obtain pre-
dictions for p; that can be used to test the underlying

FIG. 1. Schematics of the heterostructure. The shaded

area is an insulator, and B is the magnetic field.
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theories. Assuming critical metallic behavior of the kind
discussed by Chalker,'* we find that p; ~ T2~7, where 5
reflects anomalously slow dynamics related to the fractal
structure of the critical eigenstates.*15 We note that the
value of 7 does not appear to be experimentally observ-
able by other means. In addition to testing the assump-
tions of Ref. 14, measurements of 7 at different transi-
tions could shed light on the currently debated issue of
the number of universality classes in the QH regime.® Fi-
nally, the FL behavior predicted in Ref. 13 implies that
pe ~ T? as in the B = 0 experiments.

The paper is organized as follows. First, we discuss a
model of a clean quantum wire where the physics of the
drag is illustrated transparently in a golden rule calcula-
tion; readers interested in the more typical QH systems
can skip this without loss of continuity. Next, we discuss
two-dimensional systems, particularly the critical region
of their disorder dominated transitions. We also discuss
the even-denominator compressible states. In most of the
following we shall discuss the integer QHE (IQHE), even
though the physics is evidently more general; the exten-
sion to the fractional QHE (FQHE) is sketched at the
end of the paper.

QUANTUM WIRE
We assume that layer D is free of impurities and is
subject to a parabolic confining potential, 1mu.Joy2 The
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exactly calculable eigenstates'” are labeled by the wave
vector in the z direction k4, and the Landau level (LL)
,- The
electron system in layer U is assumed to be a 3DEG; its
eigenstates are labeled by n,,, k., and k., and the energy
levels are E,(::) k.- We calculate p; within the Boltzmann

transport approach. The current density j; flowing in D
along the z direction is

index ng4; the corresponding energy levels are E,(:) k

-2 5 [ dkagninita, @)
Yy oo

where gnx, = —hvp(8f2 . dkd)kd is the devia-
tion of the electron dlstnf)utlon from the equilibrium
Fermi distribution fndk ,» vp is the drift velocity, and
m* = m(wc/wo)? in terms of the band mass m and the
cyclotron frequency w.. The electric field £, induced in
U is related to the total momentum transfer into this
region by

u_flef, Z/ dk/ dky by (ke k2) 5 (3)

~1(ky, k;) is, to linear order

where the relaxation rate 7
in Ingka>s

o2n L:L3
_1 ! ! 140
T kb)) = S Z / dk., / dk., / dkd/ dka|Vad,ura |2
u? dyn
: . (@) (w) (@ (w)
x{P(u diu',d') — P(u',d';u d)}&(End kot Eoy, =By —En)
(u d u dl) = (1 - n’ k!, ){g‘ndkd(]‘ ) - gn&,k"’ ndkd} > (4)

here N, is the number of electrons in U, and Vg u'ar is
the matrix element of the screened Coulomb interaction
across the barrier.!®

We now analyze the variation of &, near the transition
between successive plateaus, i.e., when either the density
or B is varied so that the chemical potential y crosses the
bottom of a LL. The interesting region is when p lies just
above the bottom of the highest occupied LL, where we
can ignore scatterings between different Landau levels.
For our qualitative purposes it is sufficient to consider
the case where the highest occupied levels are the lowest
LL in both D and U. The crucial step is to distinguish
two different regimes in the position of u: (a) kpT <
Egi) and (b) kT > E(d), where Egi) = (u— E((,g)). A

bias between the layers is chosen so that in both regimes

E'l(,.") = (u— Eé'g) ) > kpT. Correspondingly, we define
kD = /2m*ED /h and £ = (/2mE /A

In regime (a), the electron gas in the layer is char-
acterized by a sharp, two point Fermi “surface” kg4 =
k. At T = 0, 7%(ky, k) vanishes [cf. Eq. (4),
and similar expressions in Refs. 7 and 8]; at small T,

it is dominated by forward (kg4 = kj) and backward
(ka — k) = :t2kg)) scattering processes. The for-
mer contribute subdominant orders of T;'° the latter
are ~ exp[—(2k'D£)?) exp[—4k{?d], where £ is the mag-
netic length, hence p; is severely suppressed for Eg)
max{h?/2m* (2£)2, A% /2m* (4d)?}. As E? is reduced be-
low min{A%/2m*(2£)%, h2/2m*(4d)?}, p: becomes more
appreciable and approaches its maximal value as Egi) is
further reduced, crossing over to regime (b).

In regime (b), where p; is peaked, we assume the hier-
archy of energy scales Eg’) < kT K E}(;."). The 2DES
becomes an effectively classical gas, where kgT replaces
E'( ) as the typical electron energy. Comnsequently, one
should account for the T dependence of g,, the screening
wave vector in D, as well as the effective width of D. The
latter is given, roughly, by the effective real-space extent

of the electronic states with energy below E((,g) + kpT.
We thus obtain the peak transresistivity

2
3n° b (ap\ () C(keT?
T 16 €2\ d et ’
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where ag = #?/e?m and € the background dielectric con-
stant. For m = 0.07m. and ¢ ~ 10 (appropriate to

GaAs),d =200 A, £ =100 A, k) ~1/¢, and T = 1 K,
we get L:pgo) ~ 1078 Qcm.

INVERSION LAYERS

We now turn to realistic systems where, in contrast
to the previous example, there are always states at the
Fermi level in the bulk. We distinguish two regions: the
QH plateaus and the transition regions where metallic
behavior is observed.

In the former, the scattering between the layers and
hence the drag may be assisted by the localized states,
in addition to the states at the edge considered ear-
lier. At low T we expect that these processes are dom-
inated by overlap factors coming from a typical hop, as
in the calculation of o, in the framework of variable
range hopping,2° and thus contribute p; ~ e~ (To/T)*"
(a =1/3,1/2 for the cases of Mott hopping and Coulomb
gap, respectively). For reasonable system sizes this form
holds, except at the very lowest temperatures where
the range of the hopping exceeds the sample size, and
the edge-edge scattering dominates; for a sample of size
L ~ 10 gm, we find that the crossover temperature is at
most 10™% K.

TRANSITION REGIONS

Here we again distinguish two cases: the disorder dom-
inated critical metals and the clean FL states. In the for-
mer the system is in the vicinity of a T' = 0 critical point
with a finite nonzero o,,. In both cases, p; will be dom-
inated by the extended states that exist in the bulk of
the sample. This bulk contribution is conveniently eval-
uated using the result of Zheng and MacDonald,'® who
showed that to leading nontrivial order in the interaction
V between two 2DES’s,

2 2
= — L0 /(d =2V (q)?

mn(w)n(d)e2 2m)?

X/oo dede(q,w)ImXu(%w) (6)

4sinh®(Bhw/2)

where Imyg(y)(q,w) are the dissipative density-density
response functions of layer D (U).?! The leading low T
behavior of p; can be obtained by approximating the re-
sponse functions by their 7' = 0 forms. We note again
that as T' — 0, the denominator forces the relevant range
of w to vanish, and hence p; becomes sensitive to the form
of Imyg(y)(g,w) for w — 0 at finite q.

In applying Eq. (6) to the critical region we are faced
with the problem that the relative significance of disor-
der, interactions, and their interplay is an issue not yet
settled. Therefore, we take a dual approach. First, for
the well studied noninteracting problem (which appears
to be relevant to the experiments thus far??), we show
that p; vanishes as a known universal power of 7. Next,
we show that this behavior is generic; at any (interacting)
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critical point p; measures an exponent characteristic of
anomalous dissipation in the corresponding universality
class.

For noninteracting electrons Chalker and Daniell'*
have shown that the low frequency response at criticality
has the form

m _ (dn? /dp)wD(g,w)q?
Imyxq(g,w) = [w? + (D(q,w)q?)?] ’

n/2
D(g,w) =D<C—“’) . (7)

q2

[For Cw > ¢2, D(q,w) =~ D = 0.087/A(dn(? /du); C ~
60A(dn(¥) /du) where dn(? /dy is the density of states at
the band center, and the universal exponent 7 = 0.38.23]
On substituting this in Eq. (6) we obtain, for two identi-
cal layers

2 2
s h kT €
~31x1074=
Pt % e2<th<d>) (ezd(dn(d)/du)>

2 -n
()" o

Hence, in this scenario, p; in the critical region is para-
metrically enhanced at low T over noncritical filling fac-
tors, and its T dependence directly measures n (with
a nonuniversal prefactor). As noted by Chalker,'* the
nonzero value of 7 reflects the presence of large ampli-
tude fluctuations in the multifractal, critical eigenstates.
Also, as shown in Ref. 15, these lead to anomalously
slow relaxation of the local density fluctuations. Hence,
the enhancement of p; is entirely in accord with our ear-
lier discussion of the physics. For a sample of mobility
~ 10% cm?/V's, n@ ~ 10 cm~2,d =200 A, and B = 10
T, we estimate p; ~ 10 mQ at T =~ 0.1 K. As with the
scaling of 0., the behavior of p; becomes noncritical at
a crossover temperature T* ~ 1/£.22

We now consider the situation at an interacting critical
point, with unknown exponents. As Imy is the correlator
of a conserved density it has, by standard renormalization
group arguments, the critical scaling form

Imx(q,w) = qd—zf(w/qz)’ (9)

where z is the dynamic scaling exponent. Imy is odd
in w, and away from criticality we expect Imx ~ wf(q)
at small w for fixed q. Assuming that the critical fluc-
tuations modify this linear dependence we parametrize
the deviation by postulating f(z) ~ z!="/2 for z « 1.%4
For our problem Imy ~ wl™7/2¢?=22472/2 for w < g;
this agrees with the noninteracting form with z = 2.
Substituting this in Eq. (6) gives py ~ T?7" at low T.
Hence an enhanced drag at criticality would still measure
an exponent characteristic of anomalous low frequency
dissipation.2®

In extremely clean samples the transition regions are
believed to contain FL states.!® It is not known whether,
at the longest length scales, these scale to a new metallic
fixed point or to the disorder dominated one considered
earlier. Regardless, for realistic sample sizes we can use
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the form Imyx ~ w/q (Ref. 13) to predict that p; ~ T2
as in the B = 0 case. This repetition of the zero field
behavior at a large field would be striking evidence for
the existence of the FL states.

Finally, some comments on the FQHE. The qualita-
tive variation of p; with filling factor at fixed T derives
from the incompressible-compressible structure which is
the same in the IQHE and the FQHE. The behavior of
the quantum wire should be similar; although there are
backscattering processes sensitive to the Luttinger lig-
uids at the edges we note that p; is significant only when
kT > Ep. For disordered samples, the variable range
hopping form should hold deep in the plateaus, where the
fractional statistics of the quasiparticles is likely unim-
portant. As for the critical region, even less is known
than for the IQHE; hence, as already emphasized, we
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expect measurements of p;, and hence of 7, to be partic-
ularly illuminating.
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