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Critical resistivity along the quantum Hall liquid-insulator transition line
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The critical resistivityrxx
c measured along the quantum Hall liquid-insulator transition line indicates a

pronounced peak for a critical filling factornc;1. The origin of this behavior, which marks the crossover from
the high to low magnetic field regime in the phase diagram, is explained in the framework of classical transport
in a puddle network model. The proposed scenario is also consistent with the behavior of the critical Hall
resistance along the transition line. In addition, a functional form is suggested as a fit for isothermsrxx(n), to
be compared with experimental data in the moderately high field regime.
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The rich phase diagram of a disordered two-dimensio
electron system in a perpendicular magnetic field consist
two prominent types of phases, distinguishable by th
transport properties at low temperatures (T). These include
the quantum Hall~QH! liquid states, characterized by
quantized Hall resistivityrxy accompanied byrxx→0, and
insulating states in whichrxx→`. The transitions between
adjacent phases have been extensively studied.1–5 More re-
cently, there has been much progress in the experime
effort to map the phase diagram in the integer QH regime6,7

and thus test the theoretically predicted structure.8 In particu-
lar, a transition line separating the conducting phases f
the insulator was identified in then-B plane ~wheren, the
carrier density andB, the magnetic field, are the two inde
pendent control parameters!. Along this line, in the moder-
ately low B regime, direct transitions are observed fromN
.1 QH states (N integer! to the insulator.7 This behavior,
and the overall structure of the diagram, are consistent wi
numerical result based on the tight binding model for non
teracting electrons.9

Comparison of the transport data along the conduc
insulator transition line@nc(Bc)# in Refs. 6 and 7 indicates
significant differences, particularly at lowB ~where the GaAs
hole system studied in Ref. 6 exhibits aB50 metal-insulator
transition at a finitenc). These can be attributed to samp
dependent properties. However, the critical resistivityrxx

c

measured along this transition line exhibits a striking co
mon feature~observed in other samples as well10!: it has a
pronounced peak atnc;1. Herenc is the critical value of
the Landau level~LL ! filling factor (n[nf0 /B, with f0
being the flux quantum!, so thatnc;1 marks the crossove
from high to lowB, where in the latter, more than one LL
significantly occupied. This crossover is also signified by
critical Hall resistivity rxy

c :7 for nc<1 it is quantized at
rxy

c 5h/e2, while abovenc;1 it exhibits a classical Hal
effect rxy

c 'h/nce
2. rxx

c saturates to the universal valu
;h/e2 in the high B limit where nc→1/2. However, the
peak value ofrxx

c is significantly elevated fromh/e2 and
sample dependent (;4h/e2 in Ref. 6,;2h/e2 in Ref. 7!.

Since this puzzling behavior ofrxx
c appears to be generic

it calls for a simple explanation of its physical origin. In th
paper I show that the observed dependence ofrxx on n, and
in particular the peak ofrxx

c at nc;1, follow from a phe-
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nomenological model for the transport, formerly introduc
to interpret data in the highB limit.11–13 The essential as
sumption underlying this model is that near the transit
from a QH liquid to the insulator, the transport is dominat
by narrow junctions connecting QH puddles; the puddles
defined by regions encircled by current carrying chann
~edge states!, and their typical size is assumed to be larg
than a characteristic dephasing length. As a result, the lo
tudinal resistance of the sample is that of aclassicalrandom
resistor network, and the Hall resistance is quantized p
vided all the QH puddles are at the same filling factor. T
scenario successfully explains the experimentally obser
quantized Hall insulator phenomenon,4 as well as then de-
pendence ofrxx .3 More recently, a similar model for the
transport was shown to be consistent with the transport p
erties at lowB, in samples indicating aB50 metal-insulator
transition.14

It is useful to start by showing that in the highB limit, this
model impliesrxx

c 'h/e2, regardless of the details of th
disorder potential. In this limit only the lowest LL is occu
pied, hence all the QH puddles contain a single conduc
channel. The longitudinal resistance of the junctionj be-
tween adjacent puddles in the network is therefore given
the Landauer-Bu¨ttiker formula15

Rxx
j 5

h

e2

Rj

Tj
, ~1!

whereTj512Rj is the transmission probability across th
junction; the Hall resistanceRxy

j 5h/e2 for any j. As proven
in Ref. 12, the global resistivity tensor of the sample con
niently separates into Hall and longitudinal componen
rxy5h/e2, andrxx is set by the random network of the re
sistors$Rxx

j %. Namely,rxx'Rxx
p , p being the resistor at the

percolation threshold of the distribution.16 The dependence
of rxx on T and n is therefore determined byTp(T,n). For
sufficiently high T such that quantum tunneling i
neglected,14

Tp~T,n!5 f @ep2eF~n!#, f ~e![
1

11ee/kBT
; ~2!
R7751 ©2000 The American Physical Society
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hereeF(n) is the Fermi level, andep is the energy of the
saddle point at which the junctionp is located. Employing
Eq. ~1!, one obtains

rxx'
h

e2

12Tp

Tp
5

h

e2 expFep2eF~n!

kBT G . ~3!

It follows immediately that the critical filling factornc , de-
fined such thatrxx(nc) is independentof T, obeyseF(nc)
5ep so that the exponent in Eq.~3! vanishes. Consequently,

rxx
c 5rxx~nc!'

h

e2 . ~4!

Note that this argument can be extended to account for q
tum tunneling across the junctions. Equation~2! is then gen-
eralized to a Sommerfeld expansion of the form

Tp~T,n!5 f @ep2eF~n!#1 (
n51

`

an~T! f (2n)@ep2eF~n!#,

~5!

where f (2n)(x) is the 2n-th derivative of the Fermi function
This yields aT-independent expression forRxx

p provided all
terms in the sum vanish. Sincef (2n)(x)52 f (2n)(2x), this
occurs foreF(n)5ep , and once againrxx

c 'h/e2. It is also
important to notice that the above argument for the univ
sality of rxx

c is not violated in the case wherenc is different
from 1/2 due to lack of particle-hole symmetry in the diso
der potential. The only essential assumption is the neglec
mixing with higher LL. An interesting example for a remar
able universality ofrxx

c at arbitrarync is provided by the
transitions from afractional QH liquid to the insulator;2 this
observation will be discussed towards the end of the pap

The above scenario changes once the magnetic fieldB ~at
a givenn) is reduced to a point where states in the seco
LL are occupied. In terms of the configuration of conducti
channels in real space, this corresponds to the formatio
closed loops of a second channel at the Fermi level inside
QH puddles. The overall filling factor of the system is giv
by

n5p@~12ph!1nhph#, ~6!

wherep[Al /A is the total area fraction of the conductin
liquid, ph[Ah /Al is the relative area fraction occupies b
higher LL states, andnh>2 is their local filling factor. For a
smoothly varying disorder potential,ph can be estimated not
ing that ph5r 2

2/r 1
2, wherer 1(2) is the average radius of th

region surrounded by the first~second! LL channel in a typi-
cal QH puddle, and

1
2 Kr 1

2' 1
2 Kr 2

21D~B!; ~7!

D(B) is either the cyclotron gap\vc or the Zeeman energ
gap for spin-resolved Landau bands, andK is the average
curvature of the potential local minima. The critical fillin
factornc for a transition to the insulator is then expressed

nc5pcF11
~nh21!r 2

2

r 1
2 G'pcFnh2

Bc

B0
G , ~8!
n-

r-

of

r.

d

of
he

s

wherepc is the percolation threshold of the liquid,Bc is the
critical field, andB0 is a sample dependent parameter:B0
5m* cKAp /he(nh21), B05KAp/2pgmB(nh21) for the
spin-unresolved and spin-resolved cases, respectively (m* is
the effective mass of the carriers, andAp is the typical
puddle area at percolation!. Note that Eq.~8! is valid for 0
<r 2<r 1, i.e., for pc<nc<nhpc ; for a particle-hole sym-
metric potentialpc51/2, hence the expression describes
interpolation betweennc;1/2 ~at highB) andnc;nh/2. Ne-
glecting the occupation of LL withN.2, nh;2 and the
upper limit of this regime isnc;1. The critical density is
then given by

nc'
1

f0
FBc2

Bc
2

2B0
G , ~9!

which is indeed a reasonable fit to the shape of the crit
line nc(Bc) in Ref. 6, fornc,1.

More interesting is the effect of occupied higher LL stat
on rxx asnc→1. In the regimenc,1, corresponding toph
,1, these states are localized, forming closed loops ins
the QH puddles. A typical junction in the network of con
ducting channels is schematically depicted in Fig. 1. Asph
→1, the localized high LL states are coupled to the prima
conducting channels via tunneling through occasional w
links ~dashed lines in the figure!, and thus play the role o
resonant scatterers which induce backscattering across
conducting regions. Denoting this backscattering rate cl
to the j th junction byG j , and neglecting quantum interfer
ence between the two reflection paths,17 the effective trans-
mission through the junction is reduced by a factor of
2G j ). The junction resistance becomes

Rxx
j 5

h

e2

12~12G j !Tj

~12G j !Tj
. ~10!

The entire distribution of resistors in the random network
thus shifted up, and consequently the network resistance~de-
termined as usual by the percolative resistorRxx

p ) is

rxx'
h

e2

12~12Gp! f @ep2eF~n!#

~12Gp! f @ep2eF~n!#
. ~11!

Here I assumed that the dependence ofGp on T is negligible
compared to the transmission across the junction, which
volves an energy barrier. Equation~11! clearly implies that
the T dependence disappears at a single value of the fil
factor nc whereeF(nc)5ep , as in the highB limit. How-
ever, the value of the critical resistivity thus defined is mo
fied as

FIG. 1. The configuration of conducting channels near a typ
junction connecting adjacent QH puddles.
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rxx
c '

h

e2

11Gp

12Gp
.

h

e2 . ~12!

For nc<1, the area fractionph increases, implying thatGp is
obviously an increasing function ofnc @the explicit behavior
of Gp(nc) depends on details of the disorder potential#. As a
result,rxx

c growswith nc towards the limit casenc;1.
Another characteristic of thenc,1 ~high B) regime is

that in the entire range of parameters where the class
transport scenario is valid, the Hall resistance maintains
quantized valuerxy5h/e2. This follows from the fact that
the Hall resistance of each junction as depicted in Fig. 1
determined by the chemical potential difference between
allel right and left moving conducting channels, which is n
affected by the modified transmission probability and yie
Rxy

j 5h/e2 for any j.
The case wherenc;1 marks a crossover to a lowB re-

gime. From Eq.~8! ~assumingpc'1/2, nh'2), nc51 cor-
responds tor 2'r 1, which means that the average size
regions with a local filling fractionn>2 coincides with the
average size of the conducting regions.18 Beyond this thresh-
old value of nc , higher LL states are delocalized, addin
conducting channels to the percolating~or nearly percolat-
ing! network. As a consequence, the resistance of a typ
junction Rxx

j acquires a form similar to Eq.~10!, reduced by
an overall factor of 1/N, whereN is the number of conduct
ing channels that are clamped together. Note thatG j then
describing scattering to partially occupied LL higher thenN.
The resulting critical value of the global longitudinal res
tivity is then reducedcompared to its value atnc;1, and is
given by an expression of the form

rxx
c '

h

Ne2

11Gp

12Gp
. ~13!

Here bothN andGp depend onnc in a complicated manner
hence the actual behavior ofrxx

c at nc@1 (B→0) is ex-
pected to be strongly sample dependent. Indeed, in Re
rxx

c →0 in this limit, while in Ref. 6 it saturates back torxx
c

;h/e2. However, in proximity to the thresholdnc;1 the
generic trend is a reduction ofrxx

c whennc is increased be-
yond unity. It therefore follows that this crossover betwe
the high and lowB regimes is indicated by a peak in th
critical resistance.

The increasing number of conducting chann
‘‘clamped’’ together in the lowB regime also modifies the
Hall resistance, since$Rxy

j % are no longer identical. As ar
gued in Ref. 12, the pure transverse component of the re
tivity measured across the sample can be expressed as

rxy5
h

e2

(
i

~ I i /Ni !

(
i

I i

, ~14!

whereI i is the local current through thei th QH puddle be-
tween the voltage probes, andNi its local filling factor. This
yields a quantized value only provided all theNi ’s are iden-
tical. This is no longer the case forn.1: Equation~14!
generally describes a weighted average in which the we
al
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7
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of terms withNi.1 is monotonically increasing withn. As
a resultrxy;h/ne2, as in the classical Hall regime. Alon
the critical line, this impliesrxy

c ;h/nce
2. The transition

points in the vicinity of integer valuesN.1 of nc corre-
spond to the cases where a majority of the QH puddles c
sists of a unique filling factorN. They therefore characteriz
direct transitions fromN.1 QH phases to the insulator.

The role of mixing with high LL does not only lead t
violation of the universality ofrxx

c : naturally, the behavior of
rxx(n,T) across the transition is also modified. Indeed, in
high B limit, isothermsrxx vs n can be fitted to a simple
formula3

rxx5
h

e2 expF 2Dn

n0~T!G , ~15!

whereDn5n2nc andn0(T)'aT1b. This formula exhib-
its a duality symmetryrxx(Dn)5rxx

21(2Dn), which is
eventually violated in the lowerB regime. The analysis pre
sented in this paper implies a specific modification of t
above formula, which can be used as a test for the propo
transport scenario. As shown in Ref. 13, the simple expon
tial dependence onDn in Eq. ~15! can be derived from the
energy dependent expression Eq.~3! ~with an effective acti-
vation temperature! assuming a parabolic shape of the bar
ers, such that@ep2eF(n)#}(2Dn). Employing the same
approximation in the moderately highB regime, where the
resistivity is given by Eq.~11!, and relating the parameterGp

to rxx
c through Eq.~12!, the isotherms acquire the form

rxx~n!'
~rxx

c 2h/e2!

2
1

~rxx
c 1h/e2!

2
expF 2Dn

n0~T!G . ~16!

In Fig. 2, a few such isotherms are plotted for a case wh
rxx

c is considerably elevated fromh/e2. Note that forDn
.0, lnrxx vs Dn curve upward compared to the straight lin
expected from the symmetric formula Eq.~15!. A prelimi-
nary comparison with experimental data~e.g., Ref. 5! con-
firms this behavior.

FIG. 2. The longitudinal resistivity~in units of h/e2) on a log
scale as a function of filling factor, computed from Eq.~16! for
rxx

c 52.2h/e2, and n050.079, 0.11, 0.125, 0.15, 0.175, 0.2 (n0

50.079 is the steepest curve!.
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Finally, it is interesting to comment on the application
the transport model described here for transitions from
fractional QH state 1/3 to the insulator. Experimentally,2 the
transport data exhibit the same behavior as near the int
transitions, e.g., Eq.~15! is obeyed replacingn by an effec-
tive filling factor of composite fermions. This suggests tha
similar model describes here the d.c. transport propertie
composite fermions. In particular, high LL of fermions co
respond to the hierarchy fractions 2/5, 3/7, etc. In analo
with the integer case, occupation of localized high LL fe
mion states would imply the formation of incompressib
regions in the disordered sample at these filling fractio
,
.
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However, in contrast with the integer case, the energy
supporting such regions is tiny. As a result, a mechanism
enhancing the resistance by backscattering through local
high LL states is expected to be practically absent. This p
sibly explains the observation that the duality symmetry
rxx , as well as the universality ofrxx

c that comes with it, are
better manifested by data near the fractional transitions.
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