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ABSTRACT

A single rotational shear interferometry easily provides phase relations leading to full imag-
ing with very high efficiency. Most rotation angles allow decoupling of the true visibility phase
from the atmospheric phase. Realistic simulations were conducted in order to investigate different
processing methods and their sensitivity to various parameters, such as atmospheric phase fluctu-
ations, Poisson noise, object complexity, etc. Comparison is made with other optical phase-closure
methods.

1. Introduction.

It is relatively easy to extract the auto-correlation of an object by either rotational shear
interferometry or speckle interferometry. The former is more efficient, especially for brighter ob-
Jects; it also utilises a significantly wider band-width. Now it seems that obtaining phase relations,
and thus full imaging, is even more efficient when done in the pupil plane. For most rotation
angles (with the notable exception of 7 or w/2!) the true visibility phase can be decoupled from
the atmospheric phase, allowing extraction of the closure phase (for p = 2« /3,47 /5,...) [Ribak
1987a] or phase relations similar to Knox-Thompson (for p ~ ) [Ribak 1987b]. For an exit pupil
encompassing /N pixels, the number of phase relations is Np/r, providing enough information for
image reconstruction. Similar schemes have been suggested, involving more that one interferom-
eter. These provide closure relations between two simultaneous interferograms obtained on the
same detector [Hofmann and Weigelt 1986] or on two separate detectors [Roddier and Roddier

1986].
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Figure 1. Aperture image, 120° rotational shear. Top: telescope aperture; center: split beams;
bottom: recombined beams. |

2. Closure relations.
The simplest closure case is for a 120° rotational shear. The electric field in the telescope

aperture (fig. 1, top) is split into two, one half is rotated by 120° (fig. 1, middle), and the two
are combined to interfere (fig. 1, bottom) on a detector. Every point in the resulting interference
pattern corresponds now to a vector (base line) in the original aperture; thus the correlation £ 4 E%
is associated with the vector AB, etc. Moreover, symmetrically opposite points provide information
about the same base line, with the vectors pointing the opposite way. Thus, the opposite vector
ab = —AB will yield E,E;. However, the phases of these points are not opposite in sign, as they
are affected in a different manner by the atmosphere. In general, we get |E4ER| = |E,E;|. This
is true for any rotation angle, but for 120° rotation we can utilise the fact that two other vectors,
BC and CA (or bc and ca) create an equilateral triangle and provide phase closure. Assuming
(E4) = (E) = (E,) = -+ = VI, where I is the average illumination in the hologram, we can

write |
EL E} = IFABet(m-ct:B) (1)

where I'4p is the (complex) mutual coherence function for the vector AB, and ¢4 and ¢p are the
atmosphere-induced phases at points A and B. Similarly

ELE} = IT,,e'(%=—%), (2)

Multiplying the three correlations around the closure triangle (there is no need to conjugate
one of them), we get

(EAER)(EBEL)EcE})=IPTypI'pclca (3)
(EGE;)(E!?E:)(EGE;) - Isfﬂbfbcrcu — _ISFABFBCFCA (4)
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and all the atmospheric phases are left out of the loop. This is true for all equilateral triangles in
the aperture. The same can be done for 72° and 144° rotations, with five multiplications at a time,

but the noise involved seems to be prohibitive (except, possibly, for the lowest spatial frequencies,
where the object is unresolved and the signal is high).

CA

Figure 2. Aperture image, 180° — ¢ rotational shear. Top: telescope aperture; center: split beams;
bottom: recombined beams.

3. Phase relations.
A special case where one removes the ambiguity between the object phase and the atmospheric
phase is for rotation of 180° — ¢ (fig. 2). If the difference between two adjacent vectors AB and

AC is short enough so that BC < r, (fig. 2, top) then on combination we get
EAEE = I, ge'(?Aa~95) (5)
EcE% = Il se'(%c—%a) (6)
which we multiply to get [Ribak 1987b}
(EAERWEcEY) = I’TapI'c4e(%c—98) (7)

We now average over many realisations of the atmosphere. If indeed the points B and C are close
enough, the phase fluctuations between them will be small and average out {Roddier 1981]

<65(¢c-¢5)) -0 (8)
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in a manner very similar to that of Knox and Thompson [1974], although here the phase difference
is known only for the tangential direction. The advantage of this approach is that only one
multiplication is involved, compared with two in most phase closure schemes, with the attendant
signal-to-noise level that one has in first- (as opposed to second-) order correlation.

4. Process simulation.

In order to estimate the difficulties involved with the phase closure technique, as applied in
the image plane, simulations were carried out. Here is a description of the process step by step,
starting with the creation of a set of interferograms.

1. Create a model star and Fourier transform it.
Take the square root of the atmospheric transfer function and Fourier transform it.
. Create a frame of complex random numbers (every two frames).
. Convolve with the above atmospheric function:
4a. Fourier transform the random number frame.
4b. Multiply by the atmospheric correlating function (from step 2).
4c. Inverse Fourier traznsform the result.
. Split into real and imaginary parts to get independent representations of the wavefront phase.
. Subtract phase 120° away (on equilateral centred trinagle) to get wavefront phase difference.
. Add differences to mutual coherence function (obtained in step 1).
. Take real part. This is the AC part of the interferogram.
9. Add DC component to the interferogram.
10. Multiply by the telescope aperture function.
11. Add Poisson noise at each pixel according to the intensity.
12. Next frame even: go to step 6; odd: go to step 3.

0 -3 O O

The simulations were run on a 128 X 128 array, where the telescope diameter was about 65
pixels. The following parameters were assumed: integration time 10 msec, wavelength 500 nm,
bandwidth 50 nm, telescope diameter 1 m, no central obscuration, r, of 10 cm, rotation angle
120°, and stellar magnitude of 4 (30.7 photons/pixel) or 8 (0.77 photons/pixel). Two objects were
cosidered: a point source and an extended object that was chracterised by 18 parameters (fig. 3).
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5. Data reduction.
Once the interferograms were obtained, either experimentally or by simulation, we wish to

extract their phases in order to get phase closure. This is done, more or less, in the reverse order.
Some of the following steps are after Roddier and Roddier [1987], but are all automated.

1. Estimate the number of photons inside the interferogram.
. Subtract this average number to remove the DC bias.

2
3. Divide by this same intensity to normalise the interferogram.

4. Multiply by the telescope aperture function to remove leftovers outside the measurement area.
5

. Estimate the main frequency of interferogram (can be applied to the ensemble):
5a. Apodise interferogram to remove high frequencies.
5b. Fourier Transform and square to get power spectrum.
5c. Locate the highest side lobe and find its size.

6. Turn real interferogram into complex:
6a. Fourier transform frame.
6b. Zero all transform except for side lobe indentified in step 4c.
6¢. Inverse Fourier transform.
. Average amplitudes with former frames.
Multiply complex frame by its two rotated images (at 120° and 240°) for phase closure.

. Average closure quantities with former frames.

Notice that small errors in the location of the side lobe (corresponding to the interferogram
main frequency) are not significant for the purpose of phase closure. They do become important
when large, since the nulling of neighbouring points (step 6b) might affect real image points (inside
the object support).

For each equilateral triangle we end up with a closure quantity Ay = axexp i1, where k
is the frame index. To improve the signal-to-noise ratio we have to average these quantities over
many frames. Common sense and experience tell us that the worst way to average the phases is
directly, ¥ = (¥&), because of the 27 ambiguities involved. We can average the phasors, 1 =
arg{{exp t¥x)}, but here we add them all up equally, including the ones with the smaller amplitudes
(and hence larger errors). Thus an effective way would be to include the amplitudes: 3 =
arg{(Ax)} = arg{( arexpii)}. This has been shown to be the best combination theoretically
[Wuan and Duffett-Smith 1988].

Figures 4 - 8 show the degradation of the resulting amplitudes and closure phases as a function
of object complexity and light level. It is encouraging to see that the closure phases of the involved,
eighth magnitude object, are already recognisable after 256 frames (2.56 seconds of observation).
In the next step we intend to plug these values in a a radio-astronomical image-processing package,
such as AIPS, in order to see the level of reconstruction possible. It seems, however, that these
packages might not perform as well as a specifically written program which takes into account the
unique characteristics of this instrument, such as continuity in the UV plane.






