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Wavefront reconstruction from its gradients

Amos Talmi

Timi Technologies Ltd, Ramat Hashofet 19238, Israel

Erez N. Ribak

Department of Physics, Technion-Israel Institute of Technology, Haifa 32000, Israel

Received April 22, 2005; accepted June 5, 2005

Wavefronts reconstructed from measured gradients are composed of a straightforward integration of the mea-
sured data, plus a correction term that disappears when there are no measurement errors. For regions of any
shape, this term is a solution of Poisson’s equation with Dirichlet conditions (V=0 on the boundaries). We show
that for rectangular regions, the correct solution is not a periodic one, but one expressed with Fourier cosine
series. The correct solution has a lower variance than the periodic Fourier transform solution. Similar formu-
las exist for a circular region with obscuration. We present a near-optimal solution that is much faster than
fast-Fourier-transform methods. By use of diagonal multigrid methods, a single iteration brings the correction
term to within a standard deviation of 0.08, two iterations, to within 0.0064, etc. © 2006 Optical Society of

America
OCIS codes: 100.0100, 100.5070.

1. INTRODUCTION

We wish to solve efficiently the problem of reconstructing
a wavefront from signals obtained with a wavefront sen-
sor, a device that usually measures the wavefront itself,
its gradient components, or its curvature. Such sensors
are required for many applications to obtain physical
quantities such as density variations or temperature gra-
dients, for optical workshop testing,1 adaptive 0ptics,2’3
and more. Specifically, we are interested in the popular
class of gradient sensors, such as shearing interferom-
eters and Hartmann or Hartmann—Shack sensors. The re-
construction methods also apply to other fields, such as
projecting fringes on an object to find its shape, or finding
strains in fabrics that show as gradients in the fabric pat-
tern density. Astronomical telescopes equipped with adap-
tive optics use deformable mirrors and Hartmann—Shack
sensors, where the commands to the mirrors are pro-
cessed in two stages. In the first stage, the wavefront
phase errors are calculated from the measured
gradients;>® in the second, the corrections to produce that
phase are found. All of these applications reconstruct the
property—wavefront, object shape, fabric density—from
its measured slopes or shear maps.4’5 In a previous paper
we described an efficient method to obtain the two or-
thogonal components of the wavefront slope from grids of
Hartmann—Shack spots. Now we investigate the problem
of reconstructing the phase from these gradients.
Reconstructing the wavefront phase from measure-
ments of its slopes is a simple and well-understood linear
algebra problem’?° with a straightforward solution. One
has to solve a set of 2N, linear equations/conditions with
only N, variables, where N, is the number of data points.
These N, variables are the values of the phase at those
points. Each measured x slope produces a condition; given
N, such measurements, this makes N, conditions. The
measured y slope produces another set of NV, conditions.
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Those 2N, conditions should be satisfied simultaneously
with only N, values of phase. To be precise, boundary
points lack some neighbors, so the number of conditions is
slightly lower then 2N ,. One possible solution is a best fit,
one that minimizes the sum of deviations between the
wavefront derivatives and the measured slopes. The ma-
trix of coefficients is sparse and well behaved. The practi-
cal problem is the computation load or the efficiency of the
algorithm.

We examine the problem of a large shear map contain-
ing, say, 1000 X 1000 points. Solving a best-fit problem
with 108 variables tasks the resources of a desk computer
and even of a real-time computer. In adaptive optics for
very large telescopes, the number of points in each gradi-
ent map is large and corrections must be applied within
milliseconds. In industrial applications such as quality
control of fabrics, defects that are identified as phase ab-
normalities must be detected and corrected in real time.
Such applications have large maps and short times, re-
quiring efficient algorithms. This problem was tackled
early on in adaptive 0ptics7712 but with future large tele-
scopes, new solutions are proposed.l?’f15 Sparse matrix
and multigrid methods were also proposed.l("*18 The
minimal-variance problem may be solved directly using
an inverse matrix, an approach that takes O(N,%) opera-
tions. It might be solved using sparse-matrix methods,
with O(Nf/z) operations. For rectangular geometries, it
might be solved using fast Fourier transforms (FFTs),1™13
with O(NV,log, N,) operations. Computationally, the FFT
is the fastest approach, requiring roughly thrice the FFTs
of N, items—two forward FFTs for the two slope compo-
nents, and an inverse FFT for the phase itself.

In order to use digital Fourier transforms and specifi-
cally FFT, the problem must be extended into the rigid ge-
ometry of a rectangular region and a periodic solution.
The method of extending the data outside the measured
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region differs among authors. Some have assumed peri-
odic shear maps,12 some have imposed zero normal de-
rivatives on the boundaries,11 and some have imposed a
zero curl outside the region.®!® An elegant extension
method by duplication has been proposed by Elster'* and
by Dubra et al.'® All these FFT variants (a) assume a pe-
riodic solution while the true one is probably not periodic
at all, and (b) extend the data using physical consider-
ations or intuition.

We address these two issues. Our results are that (a)
the solution does not have to be expanded as a periodic
Fourier solution but rather as an aperiodic Fourier cosine
series, and (b) there exists a best extension method, one
that gives the lowest variance, and it is rather simple. We
show here that the exact solution—for regions of arbi-
trary shape—is composed of two parts, a major part and a
correction term. The major part is a direct integration of
the measured gradients (or shears). Calculating it re-
quires N, additions. In an error-free world, this would
suffice.

The correction term depends on the errors in the data.
In the absence of errors, the closed-loop integral over the
measured gradients, or the curl of the gradient, is zero. In
reality, experimental errors may cause these closed-loop
integrals to be nonzero. The correction term entails solv-
ing a scalar Poisson equation, where the source or charge
is this curl, inside the region. We note here that the divi-
sion of the data into gradient field and curl field has been
proposed earlier by Tyler19 and others, but in a different
formulation. They treat it as a vector curl potential. We
use the two-dimensional simplification of a curl field into
a scalar function. The simpler formulation allows much
more insight, as well as the application of simple bound-
ary conditions.

A solution of the Poisson equation depends on the
boundary conditions used, and provides the potential
from which we derive the field. This field is equivalent to
the phase of the electromagnetic field describing the
wavefront. We prove that the best solution, with minimal
deviations, is obtained by using the Dirichlet condition,
that the potential equals zero on the boundary. This re-
sult is valid for any shape of region. Deviating from the
optimal solution by choosing other boundary conditions
(or extension algorithms) gives rise to suboptimal solu-
tions.

The division into a major term and a correction term is
of great practical significance when approximations are
used. Hence it is possible to compute the major term ex-
actly (at no cost) and approximate only the correction
term, which requires 99% of the computation time and
tends to have minor effect. The variance, the departure of
the derivatives of the solution from the measured values,
is caused solely by the correction term. The existence of a
nonzero correction means that the solution does not fit
the measured data exactly. Even the best solution S, has
a nonzero variance. Approximated solutions S, have, by
definition, higher variance, behaving like

Var(S,) = Var(S,) + Var(S, - S;),

This is true since the derivatives of the variance vanish at
the best solution point. Thus, small errors in the correc-
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tion term give rise to minuscule errors in the total vari-
ance.

To test our ideas, we wrote a new multigrid algorithm
that approximates the correction term to within a stan-
dard deviation of 0.08 from the exact ones within one it-
eration. It takes only 4N, operations, each operation be-
ing the averaging of values over the four neighboring
points. Applied twice, the standard deviation is within
0.0064; thrice, within 0.0005, etc. This process we have
developed is similar to that of Ref. 21, and as fast, but al-
lows any shape array.

In the following sections as numbered we accomplish
the following:

(1) We first prove that the exact solution can be divided
into these two contributions.

(2) We show that the correction, or curl term, obeys a
Poisson-like equation with a single constant potential on
the boundaries, for regions of any shape, including con-
cave and unconnected ones.

(3) We show that in the case of a rectangular region,
the exact solution may be expressed as a Fourier sine/
cosine series, but not the periodic ones. Our solution may
be calculated efficiently either using a fast sine transform
or using the more available FFT.

(4) We solve seven simple examples, and show the ac-
tual gain—the smaller variance using the sine series ver-
sus the accepted FFT method.

(5) We discuss the solution for circular regions, such as
a telescope with a central obscuration.

(6) We investigate the effect of optimal solution with
given shear maps (finite differences of the phase) versus a
solution with gradients of the phase, and the effects of
analytic extension of the measured data.

We should stress that the Dirichlet boundary condition
is for an intermediate potential function @, not the phase.
Given n, the normal to the boundary, (n-V)® on the
boundary is to be equal to the measured values of the
wavefront.

2. FORMULATION OF THE PROBLEM

Given a set of measured slopes or shears S,,S, of a phase
@ (the differences of phase between two adjacent points)
inside some region R, we wish to calculate the phase it-
self. We know that S, and S, may contain errors. We have

d(n+1,m)-®n,m)=A®n+1/2,m)
=~S.(n+1/2,m)=S,(n,m),
(1a)

d(n,m+1)-®(n,m)=AP(n,m+1/2)
~8,(n,m+1/2) =8, (n,m),
(1b)

where A is the symmetric difference operator, e.g.,
AAn+1/2,m)=An+1,m)-A(n,m). We use the short-
hand i=n+1/2;m=m+1/2. S,,S, can also be viewed as
the averaged slopes. We wish to estimate the phase
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®(n,m) such that the variance between the actual shears
and the measured estimates is minimal:

E= > [AD(,m)-S,(7,m)] +[A,D(n,m) - S,(n,m) ]
n,meR
=minimum. (2)

The slopes of ® are the sum of S and some correction C.
Their components are

AP (n,m) =8 (n,m) + Cy(n,m);
AD(n,m) = 8,(n,m) + Cy(n,m)  (3)

Here S is the given, measured shear [Eqgs. (1)], which is
the major term, and C the correction term. Once the
slopes of ® are known, the phase ® is given by a direct
integration along any path, such as

n-1/2 m-1/2
O(n,m)=D(1,1)+ >, AP, 1)+ >, Ad(n,y)
x=3/2 y=38/2
n-1/2 m-1/2
=0(L,D+ > S, )+ > S,ny)

x=3/2 y=3/2

n-1/2 m-1/2

+ > G+ > Cyny). (4)
x=3/2 x=3/2

Equation (4) shows that the solution is divisible into
the major, known, term (the first three terms on the sec-
ond line), and the correction term (the last two terms on
the second line). Using the identity for any single-valued
o,

0=A,-Ad(n,m)-A,-ADP7,m)
=A,®(n+1,m)-A,dn,m)-AdDn,m+1)
+A,D(n,m), (5)
and substituting Eqgs. (3), we get
ACy(n,m) - AC, (n,m)=A,8S.(7n,m) - AS,(n,m)
=p(n,m), (6)

thus defining p, a scalar function that would have been
zero for perfectly measured data. The correction term C
depends only on p. Using Eq. (2) and substituting Egs. (3)
we get

e?= >, CXa,m)+Ci(n,m)=minimum. (7
n,meR

3. SIMILARITY TO ELECTROSTATICS

In the limit of a very fine grid, the difference equations
become differential equations, similar to those of an elec-
trostatic field. It is instructive to solve for this limit,
where the mathematics are simpler. To find the minimum
in Eq. (7) we take the derivative and use Eq. (6):

dC,/dy - dC,/dx = p(7i, ). (8)

The solution is given in terms of a potential function V
that satisfies
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C,=dVidx, C,=-dVidy;

2V/da?+ d2Vidy?=—p,  {x,y}oR. )

This does not specify the field C fully, since we could
add a vector VW without affecting the first condition: C,
=dV/dx+dW/dy, C,=-dV/dy+dW/dx. The optimal C is
the one that minimizes £2. Substituting into Eq. (7), we

get
dv\? [(aV\? [dW)\% [dW)\?
82=ff — |+ — | +|— | +|— | |dxdy
gl \dx dy dx dy
(dVdW dVdW)
+2 o |dxdy. (10)
JL dx dy dy dx

The mixed terms in the last term can also be written as

dVdw dvdw
gldx dy dy dx
( d?v dZW)
=2JJ \4 - dxdy+j€ vdl- vw
g \dxdy dydx B

=5£ vdl- VW, (11)
B

where B is the boundary of the region R. Thus, if V is cho-
sen as constant on the boundary, the mixed terms vanish.
Then, the minimal &2 is obtained with W=0 everywhere.
In the most general case, each connected boundary may
have its own constant, depending on the “total charge”
within it; that is, depending on [JS-dl, the path integral
along a line surrounding the region. The solutions of the
difference Eqgs. (6) behave in the same manner.

4. GENERAL SOLUTION FOR DIFFERENCE
EQUATIONS

We treat a simply connected region first, and then extend
the result to multiply connected and disconnected re-
gions. The functions C,,C, that satisfy Egs. (6) may be
written as

C.(n,m)==A,-V(n,m),
Cy(n,m)=A,-V(n,m), (12)
and Eq. (6) becomes
(A% 4+ Ayz) -V(n,m)=-pn,m)=A4A,S8,(1,m)-AS,(n,m).
(13)

Equations (12) and (13) do not specify the potential V
completely. We may add an arbitrary grad term AW to C
without affecting Eq. (13). The best W is the one that
minimizes Eq. (7):

C.(n,m)=-AV(@,m)+AW(n,m),
C,(n,m)=A,V(n,m)+AW(n,m). (14)

Inserting Eqgs. (14) into Eq. (7) we get
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&= E C.(17,m)? + 2 C,(n,m)?
n,m n,m

= E [A, V@, m) P +[AW(2,m)
+’2 [A.V(,) P + [A,W(n,m)
+ 2,2 AV(n,m)AW(n,m) - 23, A VGi,m)AW(i,m),
h . (15)

where the summations are over points inside the region
R. For example, if R be a rectangular region,

n=1,....N,m=1,....M; n=3/2,5/2,...,N-1/2,
m=23/2,5/2,... M-1/2. (16)

Sums of differences behave like integrals, namely,
there is an area term and a boundary term. For every two
functions A and B there we use the identity

l l
D> [AAMR)]B(R) = D, [A(n + 1/2) - A(n - 1/2)]1B(n)
n=k n=k
-1
=D A(n+1/2)[B(n) - B(n + 1)]
n=k

+A(+1/2)B() - A(k - 1/2)B(k)
=A(l+1/2)B(l) - A(k - 1/2)B(k)

boundary term

1-1/2

- > AMABM),
n=k+1/2

area term ( 1 7)

Now we get for the mixed V-W terms [the last two in Eq.
ani

2> A V(n,m)AW(n,m) -2, A,V(i,m)AW(H,m)

n,m n,m

=2 V(a,m)[AAW@,m) - AAW@R,M)]

A
+ boundary terms. (18)

The area term disappears and the boundary terms in-
clude V on the boundary multiplied by derivatives of W. If
we use V that is constant on the boundary, the boundary
terms vanish. Then, V and W are not mixed and clearly
the minimal € is obtained with W=0 everywhere. The
best solution of Eq. (12) is where V satisfies the Poisson
equation inside the region, and V=0 on the boundary.
Since wavefront phases are defined up to a piston term,
this is also equivalent to V=const. on the boundary.

The region R may have a missing section, e.g., an an-
nulus caused by the central obscuration of a telescope. In
this case, Eq. (5) is not sufficient for specifying a single-
valued function. We must include the constraint that the
path integral of the slopes around the missing region is
zero. Otherwise, it would be a multivalued function, de-
fined over a Riemann surface. Equation (5) is augmented
by a constraint over the boundary of the hole, H
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H[S+C]-d1=ﬂ S-dl+ﬂ C-dlEK+\[]l C-dl=0
H H H H

(19)

Here K is the path integral over S around the hole. The
path integral over C around the hole should cancel K. In
addition, V=const. on the internal boundary. At some
value of this constant, the path integral over C around
the hole is exactly —K, which is the desired value. This so-
lution satisfies the constraint of Eq. (19), and any addi-
tional W would just increase its variance. Note that the
constants may vary from boundary to boundary.

For the special case of a circular region with a circular
exclusion, both centered around r=0, the process is
simple and analytic. The boundaries are r=R (internal)
and r=R; (external). Changing the constant is achieved
by adding B* log(r/R;) to V. One first solves with V=0 on
r=Ryand r=R;. Then one calculates K, the path integral
over C for this solution. Then one adds -(K.
+K)/(2m)log(r/R;) to V, which is the desired amount.

For arbitrarily shaped regions, the process is much
more complicated. In a later paper we show how to calcu-
late the solution numerically for any complicated region,
with any number of exclusions, using O(N) operations.

5. SOLUTION FOR RECTANGULAR
REGIONS

For rectangular regions, the phase is defined over the grid
(n,m) [Eq. (16)]. The S, shears are given over the grid
(1,m) and S,, over (n,m). The source p=A,S,-A,S, [Eq.
(13)] is defined over the interior of R, on the half-points
grid (77,m). The potential V obeys Eq. (13) over that same
set of points, with boundary conditions V(1/2,m)=V(N
+1/2,m)=V(n,1/2)=V(n,M+1/2)=0.

The set of base functions ¢ (x,y)=sin[kw(x
-1/2)/Nlsin[lm(y-1/2)/M] automatically fulfils the
boundary conditions of V: It is zero on the boundaries. It
is a complete, orthogonal set over the integer grid (x,y)
=(n,m). It is also a complete and orthogonal set over the
half-integer grid (x,y)=(1,m), excluding the boundary
points where the functions are zero. It is augmented by
the cosine set. Thus we may expand V and p in Fourier
sine functions (see Appendix A), so that the boundary con-
ditions V=0 are automatically satisfied:

V(n,m)=V(n +1/2,m + 1/2)

N-1 M1 _ nq,m mq,m
= E 2 V(q,,q,y)sin| —— |sin s
o s N M
(20)
N-1M-1 nq,m mq.,
p(ﬁ,na)=qE=1 CIEﬂ ﬁ(qx,qy)sin< N )sin( i )
x 'y
(21)

Since V and p have only (N-1)X(M-1) internal ele-
ments, the following (N-1)X(M-1) Fourier functions
suffice:
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N-1M-1 nq,m ma,m
E E p(n, m)sm( )sin( ; ),

p(q.q,) =
n 1 m=1
(22)
4 N-1M-1 = -
V(qx’qy) = 2 E V(n, m)sm( )sin(y—).
rL 1 m=1 M
(23)

Introducing the shorthand @,=mq,/N and @,=mq,/M we
rewrite Eq. (15) in Fourier terms:

(A2 + AYV( - » & Q
Qx,qy) =—4 sin? 2 + sin? V(qx,qy)

=- 5(qx’(Iy) q (24)

Note that, by definition, neither V nor p have ¢,=0 or g,
=0 components. We solve for V:

ﬁ(qxvqy)

V(gwq,) = g0+ T%q,)’

99y >0, (25)

where T(q)=2 sin(Q/2) for either x or y. The correction
terms are

Cx(qx’qy) =- T(qy)v(q;c’qy), éy(qx’qy) = T(qx)v(qxaqy)
(26)

Thus, the steps of the solution are

1. Calculate p=A,S,-A,S, [Eq. (13)].

2. Transform p into the @ space of the sine transform
[Eq. (22)].

3. Calculate V(g) [Eq. (25)].

4. Transform V(q) back to real space [Eq. (20)].

5. Calculate C,=-A,V; C,=A,V [Eq. (12)].

6. Form the sums of the phase slopes, ®,=S,+C,, ®,
=8,+C, [Eq. (3)].

7. Integrate the difference to get the phase [Eq. (4)].

The steps outlined above use the virtual functions
C,V,p. Those are intermediate steps in the solution. If we
execute the steps analytically, we see that the phase ®
may be expressed directly in terms of S, and S,. Expand-
ing V in a sine series over the half-integer set is equiva-
lent to expanding the phase in a cosine series over the in-
teger points.

The phase ® is expressed in the complete, orthogonal
cosine set over grid (n,m). The functions S, and A, ® that
use half-integer x and integer y are expanded as a mixed
sine—cosine series:

S.(m,m)=8S,(n+1/2,m)

N-1 M-1

= >, > 5.¢,4,)sin(nQ,)cos[(m - 1/2)Q,],

q,=1q,=0

(27)

and similarly for S,. The Fourier components are given by
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N-1 M-1
d(n,m)= >, >, ®(g,,q,)cos[(n - 1/2)Q,]cos[(m - 1/2)Q, ],
q,=0 q,=0
(28)
_ T(q.)5.(q::a,) + T(q,)S,(q.,q,) _
®(q,,q,) = , d(0,0)=0
(@:-9,) T%(q,) + T(q,) (0.0
(29)
_ 4-925 N-1 M
8,(qwq,) = ley) El mzls (2,m)sin(nQ,)cos[(m
-1/2)Q,], (30a)
4-25, N M-1
S,(q.,q,) = #El mEIS (n,m)cos[(n
-1/2)Q,Jsin(m@,), (30b)

where we have made use of the Kronecker 6.

Once it is known that the optimal solution may be ex-
pressed in a cosine series [Eqgs. (30)], it may seem that one
could have used a much simpler derivation of the formu-
las: Expand the phase in cosine series, and find the best
value for the coefficients. This approach was taken before,
with expansions in periodic Fourier components. Note the
difference: We solved from scratch, using the potential V,
and found that the best solution could be expressed in a
cosine series. Previous works used a priori periodic Fou-
rier components, and got suboptimal results.

Both the sine and cosine transforms may be calculated
using variations of the FFT algorithm, the fast sine trans-
form and fast cosine transform. Such routines are avail-
able over the web in C and FORTRAN forms. In Appendix A
we show how to use the more available FFT.

6. EXAMPLES AND COMPARISON

At first glance, Eqs. (28)—(30) look exactly like the result
from previous works using the FFT. There are, however,
three major differences:

1. The wave frequencies here are k7/N, whereas usu-
ally they are 2k7/N. This means that waves of lower fre-
quencies are being used. Our set is not periodic in the re-
gion 1,2,... ,N.

2. The set of functions exp(ix2na/N) is incomplete if
one drops the n=0 term. Expanding the phase in the set
of exp(inx2nw/N+imy2mw/M) assumes that the average
shear in the x (or y) direction is zero. If the shear is con-
stant, or S, depends only on y, there is an error. In con-
trast, our set is complete.

3. Our method produces a lower variance.

In Table 1 we take some analytical examples and com-
pare them with the periodic FFT methods. The region R is
n=1,...,64, m=1,...,128. For each example, we calcu-
late the errors in the fit, ,=S,~A,® and ¢, =S, - A, ®. We
cite the Std, i.e., the normalized standard deviation be-
tween the measured and calculated gradients, where
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Table 1. Errors Produced in Calculation of Phase from Gradients over a Rectangular Region

This Method Periodic FFT
Example Phase Given Shears
No. D, (n,m) S Std MaxDev Std MaxDev
1 n S,(n+1/2,m)=1; S,=0 3.38x10°1 1.07x1074 0.992 1
2 n?/2+9.5n S, (n+1/2,m)=n+10; S,=0 1.83x10°13 4.55%x 10713 42.17 42.5
3 — S,(n+1/2,m)=m+10; S;=0 15.30 29.26 82.51 138
4 — S,(n+1/2,m)=(m-16.5)n(64-n); S;,=0 3.07 5.06 10.17 23.69
5 cos kn coslm S,=A,®, S,=A,® 1.98x 10714 7.11x10° ™ 1.41 6.72
6 Random S,=A,®, S,=A,0 1.42x 10714 4.61x10714 1.48 3.15
7 Random Noise added to S,=A,®, S,=A, P 1.04 3.14 1.81 4.33

Std2E[Var(ex)+Var(ey)]/ (NM). We also cite the maxi-
mum deviation of the fit, MaxDev=max(le,|,|e,|).

Some examples have an exact solution, which is cor-
rectly produced in this method (limited by computational
accuracy). The third and fourth cases have impossible
data, but this method has a better fit. In the last three
cases we chose a phase, calculated its slopes, and recon-
structed it back. In the last two cases we took a random
distribution with a power spectrum of —1, and in the last
case added noise to the calculated slopes. To show the ca-
pabilities of the aperiodic solution, we purposely added a
small planar tilt to all these last cases (Fig. 1), a tilt
which tends to cause the standard reconstruction
algorithms22 to fail.

7. THE SOLUTION FOR A CIRCULAR
REGION WITH EXCLUSION

A telescope with a circular central obscuration is modeled
as a round region R, with a circular, concentric exclusion
R;. The potential V is zero on the external and the inter-
nal circles: V(R;)=V(R1)=0. Choosing as base functions a
set that fulfills the boundary condition, and that is an
eigenfunction of the Laplace operator, makes the solution
trivial. Using the variables z=log(r) and ¢=a tan(x/y),
the boundary conditions become V(z(, ¢)=V(z1, ¢)=0.

For expanding V, the set is Vj,(z,¢)=sin[7k(z
—29)/(z1-2zp)]exp(im¢). For expanding the phase, the set
is Dy, (z,p)=cos[mk(z—2()/(z1-20)]exp(im¢). These sets
satisfy the criteria that (1) they are orthogonal over the
region R with weight 1/r%;, (2) their gradients,
Vil Vb, are orthogonal with unit weight; and (3)
V2 ==k k+m-m)r=2iy,,.

The ideal integer grid (measurement points) for ex-
panding in such a set is a rectangular grid in z—¢ space,
(z,p)=(n,m),withn=1,2,... Nand m=1,2,...,M as be-
fore. In the r—¢ space this grid is composed of concentric
circles (spaced logarithmically) and equispaced rays.

8. SHEARS VERSUS EXACT
DERIVATIVES

If the measured quantities are the gradients U, and U, on
the integer grid (n,m), then a good estimate for the
shears S,,S, is the average of the derivatives at the end

points, or the trapeze rule:

d(n+1,m)-d(n,m)=S,(n+1/2,m)
=1/2[U,(n+1,m) + U,(n,m)],
(31a)

O(n,m+1)-d(n,m)~=S,(n,m+1/2)
=1/2[U,(n,m + 1) + U,(n,m)].
(31b)

The calculated S,,S, are then inserted into Eqs. (13)-(25)
or (29). An improved and more complex estimate is a cubic
interpolation:

S.(n+1/2,m) = 13/24[{U(n + 1,m) + U,(n,m)]
-124[U,(n +2,m) + U(n - 1,m)],
(32a)

S,(n,m +1/2) = 13/24[{U,(n,m + 1) + U, (n,m)]
- 1/24[U,(n,m +2) + U,(n,m - 1)].
(32b)

At the edges this is not defined, so Eqgs. (31) must be used.

In every case, the shears S, and S, are integrals over
the gradient in a small interval. If the measured quanti-
ties are accurate derivatives, then Eqgs. (31) or (32) intro-
duce some errors of approximating the shear with a sec-
ond, or fourth, or any finite-order formula. It may be
argued that better estimates are obtained by (a) fitting
the measured derivatives with analytic functions, (b) car-
rying the integration analytically, and (c) calculating the
shears S, and S, from the analytic expression and using
them instead.?

A counterargument is that an analytic expansion intro-
duces hidden assumptions about the behavior of the func-
tion between the grid points. If the errors are caused by a
process with a known power spectrum, such as turbu-
lence, this can be taken care of by using an appropriate
filter. In the case of segmented optics this assumption
might not hold, and one should sample on a finer grid.
The trapeze or cubic interpolations introduce known
small errors. Analytical expansion could introduce un-
known large ones. Mathematically, the analytical expan-
sion holds where the derivatives are band-limited, while
in truth they contain experimental noise, and noise is
known not to be band-limited.
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Fig. 1. (Left) input, (center) cosine transform errors, (right)
Fourier transform errors for examples 5-7 in Table 1: (top) ana-
lytic periodic function, (center) random function, (bottom) with
50% noise on the slopes. In this last case we show the cosine out-
put (bottom left) as it changes little compared with the noiseless
input above it. The frame sizes were 64 X 128.

We proceed, with grave reservations, and solve the ana-
lytic expansion for rectangular region R. The analytical
solution has V=0 on the boundaries (x=1/2, x=N+1/2,
y=1/2,y=M+1/2) and is not periodic. Thus, it is a sum of
sine functions that satisfy the boundary conditions. This
is equivalent to expanding @ in the complete set of con-
tinuous cosine functions (functions with continuous x and
discrete q), and the derivatives in the mixed sine—cosine
series [as in Egs. (28)—(31)]. The hidden assumption is
that all the ignored high-frequency terms are negligible;
that is
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(I)(xyy) = E [Is(qx’qy)cos[(x - 1/2)Qx]COS[(y - 1/2)Qy]s

9.4y

(33)

which is Eq. (28) with the integer variables n,m replaced
by the continuous variables x € [1,N],y €[1,M], or

N M-1

do ~
Udey) === 2 2 Uddgngy)sin((x - 1/2)Q.]
q,=1q,=0
Xcos[(y - 1/2)Q,], (34a)
N-1 M
Uy(x’y) = d_ = 2 2 ij(qgc,Qy)COS[(x - 1/2)Qx]
Y =0 g,=1
Xsin[(y — 1/2)Qy]. (34b)

There are NM values of U,(x,y), which requires at least
NM variables U,(q,,q,). The sine term with ¢ =0 vanishes
identically everywhere, so we must start with ¢,=1. The
expansion of the derivatives uses one extra sine function,
instead of the missing ¢ =0 term. The sets are orthogonal
and complete over the region x=1,2,...,N; y
=1,2,...,M. The condition for minimum becomes

ﬁx(qx’qy)Qx + f]y(qx’qy)Qy
QxZ + Qy2

defined for ¢,=0,1,...,N-1 and ¢,=0,1,...,M-1, and
excluding the term g, =q,=0. This is similar to F. Roddier
and C. Roddier’s result with the full FFT.!° The edge val-
ues U,(q,=N,q,) and U,(q,,q9,=M,) are not used, since
their contribution to the phase vanishes on integer grid

CB(qxrqy) == 6(qxaqy)7 (35)

points.
One could also expand everything in the set g,
=2,...,N+1. Such an expansion assumes that ®(x,y)

does not have a cos[w(x-1/2)/N]F(y) term. This is the
weakness of the analytical expansion: One assumes a pri-
ori that the continuous function may be approximated
well by some finite series, and lacks those terms that were
not included.

Suppose we use this same data with the difference-
equation approach. S, and S, are the averages of U, and
U, [see Egs. (31)], so their transforms are

S.:(q4:ay) = Ui(q,q,)c08(Q,/2),
S,(q::ay) = U,(q,,q,)c08(@Q,/2).  (36)

Inserting into Eq. (29) we get

1U0,(q.,q,)sin(Q,) + U,(q,,q,)sin(Q,)

(I)(qx’qy) =" Z San(Qx/z) + SiDQ(lez)

Q)
(37)

This is very similar to Eq. (35) and even more so to pre-
vious solutions,’?*® but the highest-frequency compo-
nents have lower amplitudes.

If one uses the cubic interpolations of Egs. (32) the re-
sults for the x transform are
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_ 3 13 /@) 1 (39,
Sx((Ix’qy) = Ux(‘]x’q;y) E cos ? - E cos 9

. Q.
= Ux(quy)Cos(?)P(Qx)a (38)

where P(Q)=4/3-1/3 cos*(Q/2), and similarly for the y
transform. The phase transform is then

®(q.,q,)

y U.(q.,q,)sin(@)P(Q,) + U,(¢,,q,)sin(Q,)P(Q,)
sin%(Q,/2) + sinZ(Qy/2)

X 8(qx,qy)- (39)
Note that although the formulas are similar to previous
ones,lofl?’ the base set differs—we use the cosine set with

(Qy,Qy)=(mn/N,mm/M) while previous results are peri-
odic with twice the values, (®,,®Q,)=(2mn/N,2mm/M).

9. SUMMARY

We have shown that given the measured shears, the opti-
mal solution for the phase is composed of a main term re-
sulting from direct integration and a small correction
term. We have shown that the correction term is a solu-
tion of a Poisson equation, where the sources are the er-
rors in the original data, and the boundary conditions are
zero potential on the boundaries. In fact, one may argue
that the correction term is no more then a sophisticated
error-diffusion method that shuffles the errors slightly so
as to reduce the variance somewhat. Like a cleaner who
sweeps the dirt under the rug, the mathematics at-
tributes the errors to regions without measured data. Er-
rors close to the boundaries contribute little to the vari-
ance, while internal ones (that can not be shuffled away)
contribute their full share.

We have shown that in the case of rectangular regions,
the correct solution is very similar to the established pe-
riodic FFT solution, with one big difference: The basic set
is the Fourier cosine series, not the periodic one, and the
waves have half the frequencies. We have demonstrated
with seven simple cases the superiority, namely the
smaller variance, compared with the FFT method.

The fast sine/cosine transform is actually quicker then
FFT, as it uses only real numbers, not complex ones.
Since it produces the best results, it is the preferable
choice.

We have shown that for a telescope with an obscura-
tion, the natural set of functions is waves in azimuth and
logarithm of the radius. We have shown how to solve (ex-
actly) such a geometry.

We have investigated the solution with analytical ex-
tension of measured derivatives, and compared the re-
sults with those obtained using approximated shears. The
results show that the differences are not significant. For-
mally, these results are very similar to previous ones. The
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similarity is only formal—the actual set of base functions
differs: The wave numbers are smaller by half in each di-
rection

We have used an approximating method (multigrid at
45°) to solve the Poisson equation for the correction term.
The method is linear, requiring 4N first-neighbor aver-
ages or 19N basic operations, much quicker then (3)(5)
X(N)logy N using the FFT method. The convergence is so
quick that one iteration suffices. A variation of it solves
any region R with any number (and shape) of excluded
subregions, with roughly 50% more operations: Each gra-
dient term S, and S, is accompanied by a Boolean invalid/
valid flag (or &/1 weight). Excluded points or regions are
simply flagged invalid or multiplied by the very small
weight e.

APPENDIX A

The purpose here is to show the relationship between
Fourier, sine, and cosine expansions. We use r and g as
the reciprocate indices, in order to represent both x and
9y, y and g,. We use r}, to denote half-integer values, and
r for integer ones.

The set of functions sin(q#@ry/N) with integer ¢ is or-
thogonal over the set of points r,=0.5,1.5,...,N-0.5. It
forms a complete set of functions if one wuses g
=1,2,...,N. The function with ¢=0 is zero. We write the
set as

N-05 I"h’/'Tk rh'rrj N
E sin sin| — | = Eﬁ(k -7,

r1/9=0.5 N

g1 e AN Y N
> sin ~ =§5(th—rh). (A1)
g=1

The set of functions cos(gzr,/N) with integer q is or-
thogonal over the set of points r,=0.5,1.5,... ,N-0.5. It
forms a complete set of functions if one wuses ¢
=0,1,...,N-1. The function with g=N is zero at those
half-integer r points. We write the set as

N-0.5
ramk LT
E cos( ) cos(
N

) l k—j k
2 N =55( =1+ 8k)],

Nl 1 aNs LG N
E cos cos =—08(ty,—ry)-
q:O 1 + ‘9((1) N 2

(A2)

A different orthogonal series is the sine of integer r val-
ues. The set of functions sin(g#r/N) with integer q,r is or-
thogonal over the set of points r=1,2,...,N-1. The func-
tions vanish at the edges r=0, r=N. Note that the
function with ¢=0 is identically zero, and the function
with ¢=N vanishes, too, at integer r points. To form a
complete set, we use ¢=1,2,... ,N-1:
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k i\ N
2 sm(m )5111(@) = ok =),

Tt N
E sm( qu)sin(—q) —8t—-r). (A3)

N 2

The functions cos(q@r/N) with integer q,r are orthogo-
nal over the set of points r=0,1, ... ,N provided that their
weights at =0 and at r=N are one-half. The orthogonal
functions are ¢=0,1,...,N. To form a complete set, one
should use weights of one-half with the functions g=0 and
g=N:

Nl rmk raj
(klj) = 2 cos 5 cos Y +1/2 cos 0 cos 0

N
+ 1/2 cos(mk)cos(mj) = Eé(k -l + 8(k) + 8(k —N)].

(Ad)

The sine and cosine transforms of N terms may be cal-
culated using a FFT of 2N terms. This is an inefficient but
handy method, as FFTs are included in computer pack-
ages, but fast sine/cosine transforms are not. Thus the
integer-r, integer-q cosine and sine expansions are

a 2
Re(q) = ER(F)COS<T;\1[) ER(r cos( wqr)

r=1 2N
_ Rplg) +Ry(2N - q)

>

2
N
2mqr 2mqr
Rp(q) = 2R(r>exp( ) 2 0 exp< )
r=1 r=N+1 2N
(A5)
N ( wqr) Rp(q) - Rp(2N - q)
Rgi(q)= >, R(r)sin = : ,
— 21
(A6)

where R(r) is the series to be expanded, and indices Ci,
Si, and F indicate cosine (integer r), sine (integer r), and
Fourier expansions, respectively. In other words, one fills
the first half of a vector of length 2N with the series R(r),
and pads the second half with zeros. After performing the
FFT, the required results are calculated from the ¢ and
—q terms.

The transform for half-integer points [such as in Egs.
(30)] is given by mixing sine and cosine transforms of
integer-points:

Ren(@) = D, R(n)cos

n=1

N [ 7q(n — 1/2)]

=R0i(Q)COS<%> +R5i<q>sin<%), (AT)
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_ N 7q(n - 1/2)
Rgi(q) = >, R(n)sin —
n=1

The inverse transform for half-integer points, such as
Eq. (28), is calculated by

1N { mq(r— 1/2)}

Rep(r) = ITIE R(q)cos N
q=0

F(r)y+F2N-r+1)

2 ’

1Nt [ mg(r-1/2)
= Ng Rh(q)sm|:T

(A9)

Rgy,(r)

Fr)-F2N-r+1)

, A10
2i (410)

where

g N1 —imq
F(r)= 2—(120 R (g)exp N <P

12rmq
2N

—oF1 {Rh(q)exp< _;;q ) } , (A11)

and where the index 4 in (A7)-(A1ll) signifies expansion
with half-integer x values. Here again, the recipe is

“fill only half of a 2N-long vector with data, the rest
with zeros. Multiply by some phase correction and per-
form an inverse FFT. Mix the two symmetric FFT terms
to get results.”
We assumed the convention of normalization by N follow-
ing a transform and its inverse.
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