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Hartmann—Shack wave-front sensors produce a distorted grid of spots whose deviation from perfection is lin-
ear with the wave-front gradient. Usually, the centroid of each spot is calculated to provide that deviation,
but it is also possible to perform the calculation by Fourier demodulation of the spot pattern [Opt. Commun.,
285, 2003]. We show that this demodulation can be performed directly on the grid, without reverting to Fou-
rier transforms. Tracking the motion of each centroid individually is limited to well-defined spots with mo-
tions smaller than their pitch. In contrast, our method treats the image as a whole, is not limited to non-
overlapping or sharp spots, and allows large spot motions. By replicating the array of spots slightly beyond
the edge of the aperture, we reduce the chance for boundary phase dislocations in the reconstruction of the

wave front.

The method is especially suited to very large arrays. © 2004 Optical Society of America

OCIS codes: 010.1080, 010.7350, 100.2650, 100.5070, 150.0150, 220.4840.

1. INTRODUCTION

Wave-front sensing is an essential part of adaptive optics,
vision optics, optical and silicon manufacturing, and
more. Sensing is either of the wave front itself (point-
diffraction interferometry), its gradient (shearing inter-
ferometry, Hartmann—Shack), or its Laplacian (curvature
sensing). There are many variants of each of these sen-
sors and others, and they are well described in many re-
views and books.!™ We examine here the problem of de-
ciphering the data of a popular device, the Hartmann—
Shack wave-front sensor (from here on, Hartmann
sensor). In this device, the wave front is sampled by a
regular grid of holes (Hartmann) or, more efficiently, lens-
lets (Hartmann—Shack). Local slopes cause the beams or
the foci to move off their nominal positions by an amount
proportional to the distance between the holes or the len-
slets and the detector. An image of the whole distorted
pattern of spots is then taken and analyzed to find the lo-
cations of each and every spot. Calculation is performed
on a subregion around the expected location of each spot
to find its centroid. To compare the wave front to some
reference wave front, the locations of the reference spots
are subtracted. These differences are broken into the x
and y components of the gradient of the wave front to be
further analyzed: Many times the wave front itself is
reconstructed*™'%; in adaptive optics, the gradients serve
as the input to the control loop of the wave-front corrector.

In some cases it is easier to calculate the gradients of
the wave front using Fourier transforms instead of the
centroid method just described. This applies especially
to large arrays of spots and to large detectors, where fast
Fourier transforms (FFT) have an advantage. In this
algorithm,!! the two sidelobes in the Fourier domain lo-
cated at the frequency of the spots in both directions are
each shifted to the origin, at the same time filtering out
the rest of the transform. Two inverse Fourier trans-
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forms follow whose phases are the two gradient compo-
nents of the wave front. For adaptive optics, these side-
lobes, even without inverse transform, are sufficient as an
input to the control loop.! Unfortunately, this method
suffers from edge effects: Data near the periphery of the
aperture are corrupted if the boundary conditions cannot
be specified in full. On the other hand, the filtering pro-
cess in the Fourier domain (isolation of the sidelobes)
smoothes the data and actually provides the wave front
over the whole image domain, not just near the Hart-
mann spots. The Fourier scheme is also suited to cases
where the aberrations are large and the Hartmann spots
stray far from their original position. In these cases they
are hard to find and identify.

2. DEMODULATION

We show that this modulation scheme can be performed
without reverting to Fourier transforms, which simplifies
the calculations significantly. For very large arrays, the
saving translates to calculations that are more than an
order of magnitude faster and save on cache require-
ments. Furthermore, all edge effects are now limited
only to the last row or column of spots.

We would like to center and isolate the sidelobe of the
Fourier space. Multiplying our image of the Hartmann
pattern I(r) by exp(—iq, - r) shifts (in Fourier space) the
side lobe at q to the origin. Smoothing the complex re-
sult Iy(r) = I(r)exp(—iqy - r) removes high Fourier
components that are far from the origin. There are many
possible ways of smoothing. The simplest one is the slid-
ing average: The smoothed value is an average over a
rectangular region P = (P, , P,):

P,/2 P2

> 2

PPy j="Ps j, =P

?)(-xs y) = IO(x +jxx7 y +jyy)'

(1)
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The phase of Ij(r) is the sought gradient; according to the
direction of q it is the x or y component of the centroid
motion. The Fourier transform of Ij(r) has zeros on the
grid 2@(m,/P,, m,/P,). The dimension of the smooth-
ing rectangle P can be chosen at will, so setting it to be
the grid of the Hartmann spots ensures that all the other
Fourier lobes except the desired one will be removed.
Executing the smoothing twice would further reduce any
leftovers.

What happens at the edges? We have Hartmann data
only within some finite region R. The sliding average
can be performed only inside it; near the edges, some of
the smoothing rectangle P may lie outside R, and other
means will have to be adopted.

3. HARTMANN ANALYSIS

We expand significantly on the description of the Hart-
mann analysis®; a formal description is given in Appendix
A. Here we skip the mathematical details and concen-
trate on the physics. We start by writing the expression
for the irradiance function of the Hartmann pattern. Let
S(r) = S(x, y) be an image of a single unperturbed Hart-
mann spot. [Although using r alone is more succinct, we
shall interchange it with (x, y) throughout the paper to
clarify some points.] The unperturbed image is a rectan-
gular grid of such spots

Lix)y= > X Sr-r,,)

Yy

> S(x —nP.,y—nP,), (2
Ny=—% n,=-»

where the array is assumed infinite. When disturbed
each spot S(r) is displaced to a new position r
+ FV¢(r) where the shift is the product of the focal dis-
tance F' and the local gradient of the wave front V¢(r)
= ¢.(r) + ¢,(r). The image is then

[
M s
M s

I(r) S[r - rnxny B FV¢(rn’5nJ’)]
Ny=—% ny=-=
- S{[x = n,P, — F¢(n,P, + n,P,)],
Ny=—% ny=-x
[y — n,P, — Fé,(n, P, + n,P))l}. @)

We wish to find the gradient, which we assume to be
varying slowly, and from it the wave front itself. In Fou-
rier space, s(q) is the Fourier transform of S(r). For the
unperturbed grid, the transform of the regularly spaced
grid is a set of Dirac 6 functions. For the perturbed grid,
each § function is shifted and spread a little.

Ir)= 2 2 Sr—r,, ~FVe,,)]

N

M s

>

*
"

s(a, Jexpl—iq

—

y

- FVo(r)Jexpliq - 1), (4)
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where
qlxly = (lqu, lyqy) = (27Tlx/Px, 27le/Py).

Of the many Fourier components present in approxi-
mations (4), the most prominent are the lowest ones.
The noise level is rather constant, so that low-q lobes
have a better signal-to-noise ratio.'? The [, = l,=0
term does not depend on V¢é(r). The nearest two lobes
are qi9 = q, = 2@/P, and q¢, = q, = 27@/P,, which we
term in general q.

Another important practical modification corresponds
to variations of the amplitude of the spots across the
Hartmann pattern, A(r). These are caused by local
scintillations—intensity changes in the Hartmann
spots—and by the shape of the optical aperture—zero out-
side it, the average intensity inside. That is, the refer-
ence grid is not infinite any more, I.(r)
= E:x:_xZ:y:_wA(r)S(r — rnxny), and the distorted im-
age is

Ir)= 3 3 slay)A(r)expl—iqy, - FVh(r)].

Lo=—c0 =

As shown in Appendix A, two conditions apply: First, we
are limited to the inside of the region R where A(r) > 0.
Second, both FV@(r) and A(r) should vary slowly over
the region P near the spots. The aperture A(r) should be
much wider then the interspot distance. In other words,
the Fourier transform of A(r) is narrow, not wide enough
to mix nearby spikes in the Fourier domain:

Vlqo - FV¢(r)] <1, (5a)
|[VA(r)|2/A%(r) < q3. (5b)

The second condition arises because we have to assume
that the aperture transform is not wide enough to mix
nearby spikes in the Fourier domain. In general, if A(r)
changes appreciably only over distances larger than some
R, then its highest Fourier components are @ ~ 27/R.
The dominant frequency of the function A(r) is (q2)
= (q%A(q))/{A(q)?) = |[VA(r)|?/A%(r). This is equiva-
lent to requiring that R > P, the distance between spots,
or that there are many spots in the image, ¢q > Q.
Phase discontinuities can occur if the phase fluctua-
tions do not obey relations (5). This is true at the periph-
ery of the aperture, and in the Fourier method'® such er-
rors may propagate deep into the aperture. Here the
propagation depth is limited to the size of the smoothing
kernel, which is the pitch of the lenslets. A way to reduce
this edge effect even further is to extend the results be-
yond the boundary. We know that the integral of the
phase ¢ should be zero around every closed loop, includ-
ing those loops straddling the edge. This can be achieved
by requiring that the ¢, will be constant beyond the left
and right edges of the aperture and ¢, , beyond the top
and bottom edges. A number of ways were devised to ex-
tend the gradients beyond the edge,'® and here we pre-
ferred to operate on the raw Hartmann pattern itself.
We copied the row or column of spots just inside the
boundary beyond the edge. A swath of width P was cop-
ied to all four sides of the round aperture. Since this
makes two copies at some pixels from the horizontal and
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Fig. 1. Extending the Hartmann pattern by one row of spots on
each side reduces phase dislocations. The data are shifted by
one period to each of the four sides of the original and these four
extensions are averaged, then the original is plugged back in.
Note also the reduced amplitude near the two highly aberrated
regions caused by scintillation.

vertical duplicates, the final values were averaged be-
tween them (Fig. 1). This essentially solved the phase-
dislocation problem. However, this extension method is
limited to duplicates at integer numbers of pixels,
whereas the pitch is not necessarily so, leading to small
errors at the edge proper. For undersampled arrays or
noninteger pitch, an interpolation might be required.

4. PROCEDURE

We list the algorithmic description of the processing
stages, starting with extension of the images by one layer
of spots to each side of R, the region where data exist
(step 6a), and plugging the image back into R (step 6b).
Then the x demodulation is performed. First, we shift
the phase (step 6¢), then apply a sliding average (smooth-
ing filter), first in x (step 6d) and then in y (step 6e). Fur-
ther smoothing is achieved in a second pass, first in x
(step 6f) and then in y (step 6g). Finally, the phase gra-
dient is calculated (step 6h). The demodulation steps for
the y direction are similar (but not listed). Analysis of
these stages is given in Appendix B.

If(x,y) = 3[I(x — P,/2,y) + I(x + PJ/2,y) + I(x, y

— P,/2) + I(x, y + P,/2)], (6a)

I{(R) = I%(M), (6b)

Ic(x7 y) = Ie(x’ y)EXP(*ZWUC/Px), (60)
P,-1

I™(x,y) = >, I(x +j — P,/2,y)/P,, (6d)
Jj=0
nyl

IY(x, y) = I'™(x,y +j — P,/2)/P,, (6e)
Jj=0
P,—1

I*(x,y) = > I™(x +j— PJ2,y)/P,, )
Jj=0
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Py—l

I¥(x,y) = > I®(x,y +j— P,/2)/P,, (62)
j=0

by(x, y) = arg[I**(x, y)]P,/2nF. (6h)

One could do with a single pass of sliding average, i.e.,
without stages (6f) and (6g), but the noise characteristics
of the double-pass smoothing are superior. The double-
pass sliding average can be considered a triangular filter
because of the shape of its kernel. In Appendix B we con-
sider also another smoothing scheme, which is noisier but
(sometimes) quicker. A practical question may arise, for
noninteger pitch, how to average over, say, 13.7 pixels.
In this case one should sum 13 pixels and add 0.7 of the
14th one, and divide by 13.7. The results in the appen-
dixes are valid for any (real) pitch.

To test these demodulation methods, we used the same
set of Hartmann data taken from a known sample. We
processed it by three methods: (a) convolution with the

Fig. 2. Comparison of results from three Hartmann demodula-
tion techniques using the image from Fig. 1. Top row, x gradi-
ents; second row, y gradients; third row, integrated phases; bot-
tom row, reference phase. Left column, convolution with a
kernel of size P; center column, smoothing (single pass) as in
Egs. (6) or (B7); right column, Fourier analysis. Positive con-
tours are marked by a central +. The elevation of the two fea-
tures is 1.2 um (third row, contour spacing 0.15 um), to be com-
pared with the much larger 6 um for the references (bottom row,
contour spacing 0.77 um). The diameter of the image is 3 mm,
and the extent of the round aperture is visible in some images.
Note how different is the Fourier reference (bottom right), which
results from a shift of the lobe to the center by integer frequen-
cies. As a result, a tilt is added to the Fourier reference that
also appears in the results and hence subtracts perfectly.
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Fig. 3. Simulation of cuts across the round aperture: Given a
wave front (jagged curve), it is converted into a Hartmann pat-
tern with lenslet pitch of 11 pixels. Then Poisson noise at the
average levels of 16, 64, 256, and 1024 photons per lenslet was
added (four groups starting from the bottom, respectively). The
results are always smoother because of the finite size of the lens-
lets. In addition, the smoothest result is the Fourier method,
then the convolution, and, very close to it, the single-pass
smoothing.

triangular filter, (b) the smoothing filter listed in Egs. (6),
and (c) a direct Fourier deconvolution.!’ The results
were readily phase-unwrapped from the center of the ap-
erture outward. As a last stage of the processing, we re-
constructed the phase from its gradients by using the
least-squares Fourier fit>1? (Fig. 2). Since our data were
immune from phase dislocations as a result of the dupli-
cation of the boundary, we did not encounter any phase
wrapping problems. All results are very close to each
other and to the measured phase as obtained by different
means, such as interferometry, all within a few percent.
Results produced with different Hartmann arrays at dif-
ferent pitches P and different focal lengths F' are also
similar to within a few percent.

All measurements included a reference (or calibration)
wave front whose phase was subtracted from the final re-
sult, where the subtraction was effected as a phasor. To-
ward this end we calculated the wave fronts of the object
and of the reference from their corresponding images by
using the method described above. However, we did not
peel out the phases from the results, as in stage (6h), to
subtract them later. Instead, we multiplied the two com-
plex quantities I5(r) = A(r)exp[—iF¢,,(r)] and I}(r)
= A(r)exp[—iF ¢ (r)] from the previous stage (6g) as
follows:

(O Lre1) ] = [A(r)]? exp{ —iF[ ¢p(r) — ¢fef(r)]}(,7)

and similarly for the y derivative. The phase of the re-
sult is the calibrated gradient. The principal advantage
of using this variation is the relaxation of the phase wrap-
ping problem. To get the complex phases of both I5(r)
and Iy (r) without discontinuities, the changes in both
phase derivatives must be small compared to 27 [relation
(5a)l. Using the normal method, this condition applies
separately to both the reference and the object. In prac-
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tice, it limits the amplitude of phases of the wave front
that can be measured. With the method outlined in Eq.
(7), this condition applies only to the difference in the
wave fronts, and the range of measurable wave fronts
may be extended arbitrarily by use of suitable references.

Indeed, these reference images were very different
among the various demodulation schemes (Fig. 2, bottom
row). This is because it is very difficult to shift the Fou-
rier sidelobes to the center with subpixel accuracy, these
being highly variable, complex values. So shifting by in-
teger pixels results in residual (subpixel shift) errors
which lead to some tip and tilt in the gradients. These
gradients integrate to a curvature in the wave front
whose values are known and can be removed (Fig. 2).
However, shifting both the reference and the measured
phase gradients by the same frequency in the Fourier do-
main [Eq. (7)] totally removed this curvature effect in the
final result. The process was repeated for simulated in-
put, and the results are shown in Fig. 3 for different noise
levels.

5. NET EXAMPLE

A mosquito net is a regular grid of threads with holes in
between. Each cell is composed of the bounding threads
and the hole. Defects in the net change the regular grid.
A map of the displacement of each cell (relative to the un-
perturbed grid) may be used to locate the defects during
the manufacturing process. One could consider each cell
to be a Hartmann point and apply the above procedure.
The displacement is exactly the phase, up to a normaliza-
tion constant. The defects are most prominent on maps
of local changes in the displacement. For on-line quality
control, processing time is of paramount importance:
Processing should be quicker than the production itself.

We tested our algorithm also on such a net. The origi-
nal image was 2048 X 2048 pixels with cell size of 56
pixels, or approximately 130,000 cells per image. The
threads appeared as thin, single-pixel-width lines, and
there were prominent moiré and aliasing effects in the
image. Out of the net, a 512 X 512 map (or matrix) of
the “displacement derivative” was produced by using the
above method. There was no need for better resolution of
the output. This displacement map was further pro-
cessed to locate defects, if any.

We used the mosquito net as an example of a large-
format problem we set out to solve. We discussed a
single-smoothing (block sum) or a double-smoothing pro-
cess (triangular sums). In practice, it was found that
triple smoothing yielded an even lower noise level. The
times we quote below refer to smoothing three times in
the x direction followed by smoothing three times in the y
direction. Both directions were always required, because
in practice q, was neither purely horizontal nor purely
vertical, but always a combination of both.

The whole process—from input image to derivative
map—took 0.053 s on a 2.2-GHz Pentium 4 computer.
Producing a displacement map instead of derivatives took
about the same time. Processing time was linear with
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the image dimensions and independent of the cell dimen-
sions. That is why so many cells were squeezed into a
single image. Aliasing did not affect the results as long
as the point-spread function of the optical system was
larger than the physical pixel’s dimensions.

We wish to compare this time with the FFT processing
time. In that approach the following steps are taken!!:
(a) Zero-pad the array to double its linear dimensions to
avoid aliasing, (b) Fourier transform the two-dimensional
image, (c¢) shift the Fourier x sidelobe to the center, (d) re-
move all the other lobes by multiplying the transform
with an apodizing function, (e) inverse Fourier transform,
and (f)—(h) repeat steps (c)—(e) for the y sidelobe.

A two-dimensional FFT on an image of size M X N re-
quires 5(M X N)logo(M X N) operations. Because of
stage (a) the array size is 4 X M X N and we get 20(M
X N)[2 + logo(IN X M)] for each of steps (a), (d), and (h).
Steps (¢) and (f) are one operation each and (d) and (g) are
4(M X N) operations each. Thus we get & ~ M X N[8
+ 120 + 60logy(N X M)]. With N = M = 2048, £ ~ 2
X 10°. The best available two-dimensional FFT pack-
age reaches 1.5 X 10° operations/s on the same computer
in a program written in C and utilizing MMX operations,
or 1.3 s. The whole process will last ~4 s, which is 76
times slower than the smoothing approach.

The huge disparity in speed results from the fact that
the simple shift operations required for the sliding aver-
age in the smoothing operation [Eqgs. (B2)] in both x and y
directions result in only 10(M X N) operations (zero pad-
ding is not necessary). Performing this filter / times re-
quires 10/(M X N) operations. Each direct triangular
convolution of size P in both directions results in a
heftier ~PM X PN operations.

Finally, we compared the processing times on the same
Hartmann data, but at different array sizes, by using
MATLAB, which is optimized for matrix and FFT opera-
tions. We smoothed the original 5122 array down to 2562
and 1282, and measured the demodulation time alone for
these three sizes. We found that the Fourier method was
the fastest for the smallest array by a factor of four when
compared with the other methods but was comparable
with them for the medium array and slower for the larg-
est one. This is explained by the limited memory size of
the computer, which requires caching of large arrays
when performing the three Fourier transforms. The
smoothing method was the fastest for the largest array by
a factor of two when compared with the other methods.
The balance might shift with different computers and
with optimized code other than the commercial one we
used.

The traditional centroiding procedure can also be
viewed as a convolution process. This is especially clear
for the case of exactly two pixels allocated for each spot,
where one adds the first and subtracts the second pixel to
find the centroid along each dimension. If this is done in
parallel for the whole array, the similarity to our algo-
rithm emerges immediately. Regarding noise propaga-
tion in this algorithm, we suspect that it would be similar
to the centroid rather than the FFT algorithm™ in that
the noise spreads more in the vicinity of its origin rather
than over the whole Fourier domain. Further studies
need to be undertaken to verify this point.
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APPENDIX A

The purpose of this Appendix is to provide a more formal
and detailed description of the demodulation process.
We consider a rectangular region of space (an image) L,
X L,. Inside this area is a rectangular grid of Hart-
mann spots. The centers of the unperturbed spots are lo-
cated at positions Toon, = (nyP,, n,P,)). L, and L, are
chosen so as to contain exactly M, columns and M, rows
sothat L, = M.P,, L, = M,P,.

Let S(r) be the image of a single unperturbed Hart-
mann spot centered on (0, 0). The image of a displaced
spot centered at Tyn, is S(r — rnxny); the Fourier trans-
form of S(r) is s(q). Stepping into our limited world 0
< x<L,;0=<y<L,, wedefine a cyclic CS(r) beyond
it:

©

CS(x,y) = > X Sx+id,,y+iL,).

Ly y

(A1)

S(r) is localized, dropping to zero at distances much
shorter than L, or L, . Actually, they would usually be
shorter than P, or P, for distinct Hartman spots to be vis-
ible. Thus, this extension influences only spots very close
to the edges of the image. Such spots are negligible, as
shown later.

CS(r) has a translational symmetry and can be repre-
sented as a discrete Fourier sum (the Fourier transform
of a set of Dirac ¢ functions),

4772

CS(r) =

5 2 - r),
LL, m;ﬂ mgﬂc s(qx, qy)exp(iq - 1)
(A2)

y

where (q,, q,) = 27(m,/L,, m,/L,). Note that CS(r)
is a continuous function and the Fourier transform is dis-
crete. Consider now the combined image of the grid of all
spots within our L, X L, region. With the exception of
spots near the edges, where there is some error, we can
write the image as

Lir)= 2 Sr—r1,,) = 2 CSx-r,,)
ny,ny

Ny oy

(A3)
M, M,
Lix,y) = 2 2 CS(=nP.,y—nP,).
n,=1 n,=1 (Ad)

For a perfect grid of spots we have for every x and y a
stronger translational symmetry than for CS alone:
Ix+P,,y)=1(x,y +P) =1(x+P,,y). The
discrete Fourier transform has fewer terms:

472

> > s(qe qy)expliq - v),

I(r) =
B (A5)

where now (q,, q,) = 2n(m,/P,, m,/P,). Equation
(A5) is independent of the dimensions of the region L,
and L,. This region was introduced to simplify the tran-
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sition from Fourier integrals to Fourier sums. It is a fi-

nite region of very large dimensions so that the effect of

the difference between S(r) and CS(r) is negligible.
When the wave front is disturbed, each spot is dis-

placed by FV¢(r). The modified image is
I(x) = X S[r—r,, —FVé(r,, )]
= E CS[I‘ - rnxny - FV¢(rnxny)]
nx ny
= > CS[r—1,, — FVé(r)].
Ny ,ny

(A6)

The approximation V¢(r) = V(ﬁ(rnxny) is valid if V¢(r)
changes slowly over the region of S(r). Since S(r) is
very localized, the approximation holds. Later, we relax
the condition by using a second iteration stage. CS(r
- r,, — M) differs from zero only at (or near) r
= T, — M, with M = Vé(r) evaluated at r = r,_ n,

The approx1mat10n replaces this discrete set of M Values
with the continuous function V¢(r) evaluated at r. Thus,
M(rnxny) is replaced with M(rnxny + M). The conditions
of relations (5) requiring phase smoothness must be met
for these approximations to hold. We also include the

amplitude of the Hartmann pattern A(r). Substituting
into Eq. (A5) we get
L(x) = S S s 7,)

PPym:, e

riexp[—iq - Vo(r)]. (A7)

The most prominent components are q;y = (27/P,., 0)
and qo; = (0, 27/P,). To extract the gradient ¢,(r) we
multiply I(r) by exp(—i2mx/P,) or exp(—iq;y - r). This
shifts the q;y component into q = 0. Next, we smooth
the function with a weight function W to remove all other
Fourier components. A simple weight function is the
sliding average W(x, y) = 1/(P,P,) in the region —P,/2
< x<PJ/2, —-PJ/2<y<P,/2 and zero elsewhere.
Other functions may be used. If the variations of the in-
tensity A(r) and phase gradient V(r) over the small in-
tegration region are neglected, all frequency terms vanish
except at q;p, and we get Io(r) = I(r)exp(—iqqy - ¥).
To show this more precisely, we see that the smoothed
version is Eq. (1):

< P/2 P/2
Iio(x, y) = (P.P,y)

P/2 P/2

X exp(iq -

X Tiox +x',y +y")

=P J J APr'Io(r + 1), (A8)

which we write as

2 Z s(q)Vi(q, r), (A9)

T
I3y(r) =
0™ = 55 2

my
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where

q-= (qx’ qy) = 27T(mx/Px, my/Py),

ffd2 "A(r + 1)

X expli(q — qp) - (r + 1)
—iq- FVé(r + r)]. (A10)

Viola, r

IfA(r + r') and ¢(r + r’) change little around r, we may
replace them by their averages around the r and take
them out of the integral. The integration then yields
delta functions:

Vilq, r) = A(r)B(q — Q1)
X expli(q — quo) - T — iq - FV(r)],
(A11)
where
P /2 P /2
B(q — qy9) = (P.P,) J J
P /2 P /2

X exp{2mi[x'(m, — 1)/P, + y'm,/P,]}
= 6(m, — 1)6(m,), (A12)

and we have

I5(x) = 47%(P.P,) A(r)exp[ —iquy - FVp(r)].
(A13)

The errors in Eq. (A13) are caused by neglecting varia-
tion of A(r) and FV ¢(r) over the small integration rect-
angle P. The magnitude of IS(r) is proportional to the
average amplitude, which we denote A(r), and its phase
is the average gradient denoted by FV ¢(r). Other errors
could originate from the approximation in Eq. (A5). We
may reduce the errors further by removing most of the
variations in a second iteration. In the first iteration we
calculate an approximate solution A(r) and FVé(r). We
then use those values to modify, or morph, the intensity
distribution I(r) prior to the smoothing into its “original
unperturbed form.” Thus, we are left with a very small
perturbation to a perfect Hartmann grid. Then we cal-
culate, by using the morphed I(r) (which is almost a per-
fect grid) and the method above, the small residual cor-
rection dA(r) and dF'V ¢(r):

I™(v) = I[r + FVG(r)]/A(r). (Al4)

This correction is valid only where A(r) # 0, namely in-
side the aperture. Where A(r) ~ 0, we substitute values
from the vicinity, as in Eqgs. (6a) and (6b).

The modified, or morphed, integral term B(q) in Eq.
(A12) is, after removal of the zeroth-order amplitude and
phase,

B™(q — qq9) = P’2f J’ d’r’ exp[i(q — qqo) - (r + r')]
P
X [exp(—iq - 6O + SA)], (A15)
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where 600 = FV¢(r + r') — FVp(r) and SA
= logA(r + r') — logA(r).

With the introduction of morphing,

Iy(r) = 4m*P~2dA(r)exp[ —iqy, - VFd(r)],
(A16)

where
dé(r) = ¢(xr) — (r) =0, dA(r) = A(r)/A(r) = 1

inside the aperture, and hence d log[A(r)] ~ 0. Since the
terms themselves are small, the errors caused by their
variations are much smaller.

Along the boundaries of the aperture there is a strip of
width P/2 where we do not have information: The ampli-
tude A drops to zero here. The simplest approximation is
to assume that the gradient is constant and use the clos-
est known value [Egs. (6a) and (6b) and Fig. 1]. For a
round aperture of radius R we take V¢(r) = Vo(r
— P);,R<r<R+P.

APPENDIX B

We show that the smoothing filter we have applied to the
data is equivalent to removal of higher-order lobes, and
suggest an alternative filter. We first move the sidelobe
to the origin in the Fourier domain, which is equivalent to
a convolution with §(q — qy). This simply amounts to
obtaining the product I,(r) = I(r)exp(—iqq, - r). Next,
we wish to remove the rest of the grid and start with the
columns. Removing the grid elements amounts to multi-
plication in the frequency domain of each element by
cos®(qP,/4) = [1 + cos(qgP/2)]/2, thus zeroing lobes at
qP./4 = (2n + 1)w/2,orq = *q,,*3q,,*5q,,.... But
multiplying with a squared cosine function in the fre-
quency domain is equivalent to averaging the original
function at both sides of the original %I olr — P,/4)
+ LI,(r + P,/4) and then repeating it, which in turn is
equivalent to applying the filter 31o(x) + $Io(r — P,/2)
+ iI,(r + P,/2). Similarly, removing the more distant
lobes at ¢ = *2¢,,*6q,,*10q,,... is achieved by aver-
aging again 3I,(r) + I,(r — P/4) + 1I,(xr + P,/4),
and so on. In general, averaging 3I,(r)+ 1lo(r
— P./2) + 1Io(r + P./2j) gets rid of lobes at gq
= i‘]qx ’i3jqx7i5jqx ERRREN

This smoothing (averaging of a point with values at its
neighbors) also influences somewhat the Fourier compo-
nents very close to the origin: These are multiplied by
cos’(qP,/4) (for the first filter). If this small smoothing
matters, we can correct it by using a more sophisticated
filter such as cos*(qP/4)[2 — cos?(qP,/4)]. Its applica-
tion in real space is rather simple and requires applying
each filter twice. The filtered result is:

F(r) = 5Io(r) + 3Io(r — P,/4) + 1Io(r + P,/4),
G(r) = 3F(r) + YF(xr - P/4) + LF(xr + P /1),
T{r) = 2F(r) — G(r). (B1)

If we define the operation ©;C(r) = 3C(r — P/4j)

+ %C(r+ P/4j), then Eq. (B1) can be written as T
= 20,T — 6,0,T. If filters are applied in a sequence
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at different pitches, such as P,/4, P,/8, then this repeated
filtering will be ©,0,T and corrected filtering [general-
ized Eq (Bl)] Wlll be 29281T - 62618261T. The
number of repetitions and corrections can be decided ac-
cording to the desired accuracy and the time allotted to
the calculation. We spell out the result which seems to
satisfy both requirements:

I(x, y) = I(x, y)exp(—2mix/P,),

I%(x, y) = 3I°x, y) + H(x, y — P,/2)

+ iI(x, y + P,/2),

I?(x, y) = 3IY(x, y) + {IY(x, y — P,/4)
+ {IY(x, y + P/4),

I(x, y) = 3I%(x, y) + ¥ (x — P,/2,y)
+ ¥ (x + P/2,y),

I*(x, y) = 3I"(x, y) + {I"(x — P,/4,y)
+ {(x + P/4,y),

bu(x, y) = arg[I**(x, y)]P,/27F, (B2)

and similarly for the y direction. This is a repetition of
Egs. (6) without the preliminary boundary extension
stage. Again, finer results can be obtained by repeating
with steps of 1/8 the pitch. Alternatively, the results can
be smoothed, but the smoothing filter will now be much
narrower than the filter above.

A careful inspection of this operation shows it is rather
similar to a convolution with a triangular filter with half-
width of the Hartmann pitch. Indeed, a triangular con-
volution is exactly the result of averaging with the full se-
ries of filters above—with P,/2, P,/4, P./8, P,/16, P./32,
and so forth up to infinity. To see this, examine the Fou-
rier transform of the series of filters

cos(q)cos(q/2)cos(q/4) = [cos(7q/8) + cos(5q/8)
+ cos(3q/8) + cos(q/8)1/4,

or, more generally,

N
Ci(q) = [I cos(2*qr2™)
k=0

oN

27N> cos[(2m — 1)g/2¥*1],  (B3)
m=1

whose transform is a simple rectangular filter

olN

> 8x - (2m — 1)/2V*1],

m=-2N+1

cq(x) = 27N71
(B4)

Squaring C,(q) we get
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2N 2
Cy(q) = Z_NE cos[(2m — 1)g/2N*1]
m=1
2N
=222 N expli(2m + 2k — 2)q/2N 1]
m,k=—2N+1
2N+1
= 2722 X [2N*1 — |p|lexplipg/2V], (B5)
p:_2N+1

whose transform is now a triangular filter
2N+1

cylx) = 9—2N-2 2

p=——gN+1

(¥ = [pho(x — pi2").
(B6)

The convolution is performed first in the x direction,
then in the y direction with this triangular filter (this is
somewhat faster than a full, two-dimensional convolu-
tion). The disadvantage of this filter is that if the camera
samples the Hartmann pattern at high resolution, the fil-
ter is wide and the convolution rather long.
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