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Stochastic population dynamics = Markov process
on discrete set of states: 0,1,2, ..

n-2 n n+l
>
D
DN
Lo, 2° o
o o2, % o0

biochemistry:

stochastic models of intracellular processes
population biology, astrochemistry:
ecology, epidemiology reactions on dust grains

in interstellar medium

many more examples



A
Toy model: branching-annihilation reaction A—> 24 isolated

H population
2A—>0
Turner and Malek-Mansour 1978, Kessler and Shnerb 2007, Assaf and M 2007

—t+—+— single-population
— Markov process

P.(t) : probability to find n particles A at time t
Po(t) : probability of extinction at time t

- 4ak, =ﬁ[(n+2)(n+1)Pn+2—n(n—1)Pn]+ An-1P_ —nP|, n=123,.
a2 RN
P, " e

— = P
Car \ \

annihilation branching



Go back to branching-annihilation model A—> 2A
Y7,
n-2 n-1 n n+l 24 > 0
L
What does the rate equation predict? n =0

. . ., repelling fixed point
n(t)yzAn(t)— un(t) o=

A
attracting fixed point n. =—=N>>1

Y7
over-damped “particle” large parameter
‘ in potential
) p
\ Vn)=-Zn®+En°
2 3
0 1
n/N

Population size flows o n,=N and stays there forever...



This prediction breaks down at long times

y)
_ _ A—o2A
Monte Carlo simulation

7]
n(t) , , , 2A—0

a fatal large fluctuation brings
population to absorbing state n=0:
extinction

Interesting to find:
- mean time to extinction (MTE)
- distribution of extinction times
- guasi-stationary probability distribution (QSD) of population sizes



Rate equation enables one to classify extinction scenarios of
metastable populations

L . B repelling fixed point: scenario A
n=n-On) n=0
attracting fixed point: scenario B
w . T . = d _
Over-damped “particle” in a potential n=——>V(n)
. dn
Scenario A

Scenario B

0 1 0 n n

n/N
Crossing entropy barrier takes exponentially long time



The information we seek is encoded in the master equation

dp, (1)
dt

— ZWr (n—r)P._ (1)—W.(n)P,(1) W - transition

rate matrix

How to solve the master equation analytically?

Widely used tool: approximating the master equation by
Fokker-Planck equation



Fokker-Planck equation: example p
A—>2A

u
‘? - ‘2‘ [(n+2)+DP, —n(n-DP |+ A(n-DP_ —nP] 24—0
4

Assume n>>1 and expand in Taylor series up to the second order in 1/N

oP(n,t) M ®,

{_ 2n(N =n)P(n, )+~ [2n(2n+ N)P(n, r)]}
2 on

ot  20n
drift diffusion
Drift term corresponds to
deterministic rate equation Diffusion broadens the
. distribution around n=N
1 = lun(N — n) N and drives the effective
/ “particle” toward n=0,
over-damped "“particle” overcoming enfropic
: : barrier to extinction
in potential V

n/N



The FP-approximation looks reasonable...

However, it is wrong: the error in the mean time to extinction,
which it predicts, is exponentially large in N.

.., Gaveau, Moreau and Toth 1996, Doering, Sargsyan and Sander 2005,
Kessler and Shnerb 2007, Assaf and M 2007, ...



The error comes from a wrong description of Ai)zA

distribution tails )
2A—0

Fokker-Planck
approx.

Gaussian N

approx. \

New theory and
numerical solution of
master eqn.
(indistinguishable)

20 840 60

Assaf and M 2007, Kessler and Shnerb 2007




Eigenvalue problem for master equation

Spectral expansion P(t)=0, + Z 7R
k=1

Metastability: two widely different time scales 1, << 7
relaxation time - decay of higher eigenmodes
extinction time - decay of metastable state = first excited eigenmode

~1— ol
K@) ~=1-e quasi-stationary i

P .(O=rme” distribution 7,

!

YW n-nr,,-W,.(mr, =0 "

For t>>t,

quasi-stationary master equation



WKB ansatz Vool

— _ _—NS(q)-5,(¢)-O(/N) n>>1
r(n)=7r(gN)=e oy

Dykman et. a/ 1995, Kessler and Shnerb 2007, M and Sasorov 2008,
Escudero and Kamenev 2009, Assaf and M 2009

rescaling of time

—p W,.(n)=Nw,(q)+u,(q)+O(/N)
W (0) =0 absorbing state

Systematic perturbation theory order by order in 1/N



Leading-order WKB approximation for action S(q)

H(q.p)=Y w.(q)(e” -1)

p=S5'(q) momentum

H(g,p)=0 where

Look for zero-energy phase trajectories of a Hamiltonian flow

zero-energy lines: p=p,=0
p=p;(q)#0

q
corresponding $(q) = j p;(q)dq’ fast-mode solution

actions are :
SY(g)=0 slow-mode solution



Escape occurs in extended phase plane (n,p)

(n,,,p=0)  saddles

p - “fluctuational” coordinate

AS Scenario A Scenario B

mean-field line

optimal path to extinction

n n

NAS
In the leadingorder T ~ € Elgart and Kamenev (2004)



Sub-leading WKB order yields amplitude S,(q)

H,(q.p)+12H,(q.p,)p, (@~ u,(g)(e™ 1)

Sl(f ) —
‘D j H (q.p,)

dq

Solving 1st-order

ODE for S,(q) : H_ (gq,0)

H  (q,0)

S (@)= dg=InH ,(q.0)

WKRB solution, valid for n>>1, is a linear combination of fast and slow modes

WKB breaks down at n=0(1). Here: recursion
solution of quasi-stationary master equation

MTE and complete QSD can be found by matching WKB solution to
recursion solution

Matching is scenario-dependent



Recursion solution at small n

At n«ny, linear terms in n suffice: w.(n) =nw, '(0)
linear branching rates
ZR,, [(n —r)T,_ — nﬂn_r] =0 R =w '(0) R
r A->(r+1A

By putting n,=f,/n the problem reduces to finding all roots of a
polynomial equation

To find MTE, one only needs n>>1 asymptote of recursive solution, to be
matched with WKB solution

U

Forn»1 7,

—np;(0) i
1 Ce " scenario A C,.C :LPO,I(R—l’Rl’”‘)
oaTtn

C, scenario B p;(0)<0



Matching the solutions: Scenario A

Here fast mode dominates in entire region of validity of WKB solution
Slow mode gives exponentially small correction and must be neglected

First we normalize QSD to unity

Close to maximum of distribution n>>1,
WKB solution holds

7(q) = \/S"(%) NSt =3 (@5, () =5 (@)
27N

Close toq=0  S(g=0)=S(0)+gS'(0)=S(0)+gp,(0)
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ﬂ(n)(WKB) N eN[S(ql)—S(O)]—npf(O) l<<n<<N
. —hp¢ (0)
ﬂ(n)(recurszon) - 1<< 1N << N1/2
T
N[S(0)-S ] NAS
| o oNSO=S@) _
Result with pre-exponent
A 27 N[S(0)-S(g)l+®(0)-d(q)| Ay related to C,

= agq, NS "(ql)e ®(q) related to S,(q)




Particular case: single-step processes

the only nonzero ~ W:(®)

reaction rates " > 1+l Wi (n)~ Nwi (q)+ U, ()

Here the calculations are very simple

H(q,p)=w,(g)(e’ =D +w (g)(e”’ -1) Py (@)=In x EZ;
qlu W, —u w QI
e wful)
i 7T 16 e 0 W A—)ZA
a(R —1)4/NS"(g,)




Example: SIS model of epidemics

A
S+1—-21 o _
holds for short epidemic durations when
I i) g renewals/removals can be neglected
: IN=1-1
[ —>21 W  (n) = An(N —n) q,=n /N =1-1/R,
. >
15 W, (n) = un R, = AN/
7 y 1 9
heomngr o

1 |2 R
— 7= — | i “—-exp| N I—L—lnRO o
u\N N (Ro — 1) R, coincides with

Nasell (2001)



Scenario B

Slow mode is dominant on the interval (0,q;). Finding complete
WKB solution demands matching between fast- and slow-mode solutions

A @
Example: chemical bistability A
2A—> 3A
3A 5 2A
Rate equation: n(t)=—-un(t)+ En (1) — gn (1)

(b)




slow mode crossing
mode region

fast mode

WKB solution includes three regions

q>49,, 4—q,>> N_l/2 fast mode (nonzero action) dominant

-1/2 slow mode (zero action) dominant

9<¢,, ¢—-q9g>N

q— ql‘ <<1 mode-coupling region

How to match the fast and the slow modes?  No joint region!



Solve quasi-stationary master equation in vicinity of q # q,. Here
p is small and so FP equation is valid

Employing van-Kampen system size expansion, for n>>1
1
r(nx)=~xz(n)xtx'(n)+ 571 "(n)

Constant-current Fokker-Planck equation

FP solution at N <<g —g<<1  matched with slow-mode solution

FP solutionat N <<g—g,<<1  matched with fast-mode solution

l

Complete WKB solution
Slow mode vital for finding pre-exponent



Finally, matching WKB solution with recursion solution at n=0(1)

in chemical T o= 7T _ 1
bistability example: " n Htn
_ ) NAS > )
T = € AS =2| 6 —+/1-5" arctan
mu(l—0) J1-52
General result for scenario B:
4r
7= exp{N[S(q)—S(g)]+5,(4)~S,(q,)}

~aH,, (4,05 "@)|S"(@,)

coincides with Escudero and Kamenev (2009) who considered escape from one
metastable state to another



Ao
2A —>3A
3A > 2A

MTE

MTE as function of &
analytics vs. numerics

0.4

0.5

1 02 03
8
¥
Quasi-stationary distribution —4}
< —6} F
K
fast mode o -8}
& -10}
slow m?de ~12 o BL
recursion _14F /. n . 1y .
500 1000 1500

n




General result for scenario B:

4
7= 7 exp{N[S(g)—S(q,)]+S,(q)-5,(q,)}
aH , (q,,0),|S "(q)]S"(q,)

coincides with Escudero and Kamenev (2009) who considered escape from one
metastable state to another

reason for coincidence: decay determined by constant-current
(slow-mode) solution



Multiple species

Example: epidemic fadeout

ST model with demography

Kamenev and M 2008

Event

Type of transition Rate
Infection S—S—-1,I—1+1 (B/N)SI
Renewal of susceptible S—S5+1 uN
Death of susceptible S—85-1 JTA)
Death of infected [—1-1 wil
(1) = uN — us - B
S(t) = uN — uS ST,
Rate equations N two degrees
, B of freedom
I(t)=—=SI —u,l.

N



Stochastic model, however, predicts
extinction of disease

0.2
0.15
- 0.1 | disease dies out along
| A ® “the optimal path”
0.05 C and may show oscillations in time

-0.7-0.6—-0.5-0.4-0.3-0.2-0.1 0
X

black lines: projections of
4-dimensional optimal path

|

. ‘ ‘

0.1 A

& —02 (b), “classical” action along the
0.3 | optimal path yields (up to
0.4 B | pre-exponent) the logarithm

of the Mean Time to

Z0.03 -002 -001 0 001 ne/ !
Extinction of disease

Px



Population extinction in a fluctuating environment
Example: a symmetrized losgistic model

I)n(t) = ﬂ“n—ll)n—l (t) _ (ﬂ’n + lun)Pn (t) + ﬂ“n+11)n+1 (t)
A =n/2)(u+r—an), u, =mnl/2)(u—r+an)

Environmental noise modulates the birth and death rates:
r—r-&(t)

The npise E(T) is .r'.ed: <§(t)> =0
gaussian and positively <f(t)§(l")> =y exp(— 1F—¢'| /tc)

correlated

Interplay of two noises, demographic and environmental, is
a hot topic in population biology and ecology. The role of
noise coloris under debate

Kamenev, Meerson and Shklovskii (PRL 2008)
Media coverage: physorg.com



Population extinction in a fluctuating environment

V: rescaled variance of noise
T: rescaled correlation time of noise

Even weak noise can cause an exponentia/ reduction of the MTE

A ’
T F=Q1+21)" pad
adiabatic ¢
/7 ---"
& ]
_ —// I In7V
L 8 v
QO
L2 “white
F=1 e 1 :1/ Y




Population extinction in a fluctuating environment

q 4r—&@®

7 K -\“-/l—(‘
V4 i i

7 | I f

1 1 i o

5 /K l| O 7 ll 7
__7" 7 “} l«---—---F--- ? -—»l
o(' """""" \ _ 1
£ S P T B

WKB vyields optimal path to extinction, along with
optimal realization of environmental noise.

Correlations of environmental noise quicken extinction.

The population-size dependence of the MTE changes from
exponential without noise to a power /aw for strong short-
correlated noise and to (almost) no dependence for long-
correlated noise.
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Conclusions

« Two generic scenarios of extinction of metastable populations in zero
dimensions

« WKB approximation (in conjunction with recursive solution and/or solution
of FP egn.) yields accurate estimates of MTE and QSD for a broad class
of single-species stochastic populations

 Few species, fluctuating environment: WKB gives valuable insight:
“optimal path" to extinction. Analytical results demand additional small
parameters.

Thank you!



